I 


algebra by 

i 

VISUAL AIDS 


Boot Tw 



I 


VISUAL AID SERIES 

Smhy LANCELOT HOGBEN 


mebra by visual mbs 

Book I : The Polynomials 
Book 3 1 The Laws of Calculation 
Book; 4 Choice and Chance 



ALGEBRA BY VISUAL AID? 


bj 

G. PATRICK MEREDITH 

M.Sc:, M.Ed. 


under the editorship of 

LANCELOT HOGBEN 

M.A., D.Sc., F.R.S. 

Eook Two 

THE CONTINUUM 

Illustrated bj charts in colour 


London 

GEORGE ALLEN & UNWIN LTD 



FTRS-r PUBZ^XSHSD TZ* 4 ‘ XO4.8 


rxoh^^ rssli£R'v:bd 


-:ex=» xn 

urff-Wii^ s:Et.Q-x 


^jTjy/^c 



Contents 


Chapter 8 

From Steps to Slopes 

Reminders — Growth Diagrams — Savii^ Accounts — Change of Scale — Finer 
Divisions leading to Graphs — ^Applications of die Straight-Line Graph — Shape 
and Scale — ^The Vernier Scale. 


Chapter 9 

Graphical Representations and Solutions of Equations 

Variables and Functions — The Standard Linear Equation — Graphical Solution 
of Equations — Simultaneous Equations — ^Algebraic Method for Simultaneous 
Equations. 


Chapter 10 

Graphs of Quadratics 

Linear and Quadratic Functions — ^Thc Parabola — ^The General Qpadratic — 
Plotting by Differences — Geometrical Representation of Quadratics — ^Figmatc 
Functions — Mixed Siinultaneous Equations. 


Chapter 1 1 

The Growth of Solids 

Factors and Rectangles — ^The Build-up of a Cubic Function — ^Real and 
Imaginary Roots — Graphical Solution of the Cubic Equation — ^Algebraic 
Solution of a Cubic Equation. 


Chapter 

Inverse Proportion and the Hyperbola 

Inverse Proportion — ^The Hyperbola — Geometrical Representation of Inverse 
Proportion — Inverse Proportion and Harmonic Series — ^Rotating the Axes. 



VI 



1 




I 



BOOK II 


THE CONTINUUM 


CHAPTER 8 

From Steps to Slopes 

§ I. REMINDERS 

In Part I of Algebra by Visual Aids we dealt with various families of numbers. 
The build-up of each family had a definite rule, e.g. the series 

I 8 27 64 125 

is formed by multiplying each of the numbers i, 2, 3, 4, 5 by itself twice over. 
We can show each number by a pattern of dots, the above as a series of cubic 
patterns, displayed in Chart 5 (Book I). We can also specify the series by means 
of an algebraic formula : 

(CU)„ = «3 

All our series of Book I are expressible by means of: 

(а) a set of numbers ; (c). a set of dot patterns ; 

(б) a verbal rule; . (d) an algebraic formula or equation. 

Of these four, the last is by far the shortest and most compact. Many people are 
completely mystified by Algebra because nobody has troubled to show them the 
meaning of the formulae. The charts in Book I should have given you enough 
confidence to go straight ahead with all sorts of formulae. So you should 
now be able to handle algebraic expressions without having to rely on more 
cumbersome ways of expressing the same thing. 

For our present purpose we can regard the formulae of Book I as expressing 
series of numbers. Each number in the series is obtainable from the formula by 
giving a definite numerical value to the rank «, e.g. in the formula : 

(CU), = B» 

We can give n the value 4. We then have : 

(Cu), = 4» 

^ 4 X 
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This process is known as substitution. By substitution we can obtain the number 
series from the formula, i.e. we put n = i, 2, 3 . . . In this way we can think 
of the formula as expressing a Iccu) of growtht The patterns bring this out. Bach 
of them grows from the previous one by adding a layer of dots. Now this process 
of growth is important and is very well worth studying. All living things grow 
and so do many non-living things. A building grows, brick by brick. A city 
grows, street by street. A crystal grows, layer by layer. The day grows, hour by 
hour. A baby grows, pound by pound. In the &st book our diagrams expressed 
nwnber-shapes. The diagrams of Book II express GROWTH-SHAPES. 

Ex. 8.11. Substitution Praotice 

Find the values of the following expressions by substituting the given values 
of n. 


1. 4 + 3 « 

2. 10 -f- 5« 

3. 6 — 3B 

4. — 12 4 - 4» 

5. — 9 — 6b 


values B = 3, 4, 5, 6. 
values B = 2, 4, 6, 8. 
values B = 0, 3, — 3, 6. 
values B = — 5, 0, 5, 10. 
values B = — 20, — 10, 0, 10. 


6. ^{« + 1) 

7. s® 

8. (n -f a) (b — 2) 

9. b(b 4- i) (b -f- q) 
lo. n* 


values B = 0, I, 2, 3. 

values B = 0, 2, 4, 6. 
values n = — 8, — 4, 0, 4. 
values B = — I, 0, I, 2. 
values « = — 3, — I, I, 3. 


§ 2. GROWTH DIAGRAMS 

The simplest kind of growth is growth by equal steps. This is the kind we are 
concerned with in the first two chapters of Book II. In Chapter 6, we studied 
series of the type called Arithmetical Progressions, e.g. : 

3 j 5 j 7 > 9 j ri 

You get each number of this series by adding 2 to the previous one. We called 
the number added the common difference. If the series starts with Aq and adds d 
at each step our formula for the Bth term after the initial one (A 5) is : 

A,! = A, 4- Bd 
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For example, if = 8 and rf = 3, the series is : 

(8), (8 + 3), (8 + 2 . 3), (8 + 3.3), • • • 

8 II '14 17 . . . 

We can also continue the series backwards by subtraction, and watch it shrink- 
ing instead of growing ; 

A_i = A^ — d =8 — 3 = 5 

A_2 = Ao— 2.d =8 — 6 = 2 etc. 

In Book II, we shall represent whole numbers by a new shape, viz. : a vertical 
strip or column. The length of the column will represent the numerical value of 
any term in a series. We can use any unit of length we like, e.g. i inch, i cm., 
or some smaller unit, e.g. o • i in. The number of vertical units assigned to the 
column stands for the numerical value. A series of numbers can thus be repre- 
sented by an array of columns placed side by side. The position of each column 
gives its rank, the first (on the left) being of rank n = o, the next n = i, the 
next B = 2, and so on. Charts 44 and 45 show the growth diagrams, so con- 
structed, for the Arithmetical Progressions : 

A,, = 8 + 3b; a,, = 32 +|b 

Note the following points : 

1. We can choose any scale we like. If the scale is small we can represent 
more terms on the same piece of paper, 

2. We can put the starting-point anywhere we Uke. The further to the left 
we put it, the more terms we can put on the right, and vice versa. 

3. The contour of the growth diagram rises up by regular steps^ expressing the 
fact that the Arithmetical Progression increases by equal differences. 

4. If the common difference were more than 3, the steps would go up more 
steeply; if less than 3 they would go up less steeply on the same scale. 

5. We call a diagram of this type a column-graph or histogram (Greek histos = a 
mast and gramma = a letter or message). 

Ex. 8.21. Histograms of Number-Series 

Take a quarter-inch as unit and draw histograms for the following series : 

n= 012345 
I. A,j 0 2 4 6 8 10 
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2. A,= 

5 

9 

13 

17 

21 

25 

3* A„ = 

3 

6 

9 

12 

15 

18 

4 " = 

8 

12 

16 

20 

24 

28 

5- A„ = 

I 

4 

7 

10 

13 

i6 

6. A„ = 

6 

7 

8 

9 

10 

II 

7 - A,= 

0 

5 

10 , 


20 

25 

8. A„ = 

17 

15 

13 

11 

9 

7 

9 ^ K = 

6 

6 

6 

6 

6 

6 

10. A „ = 

30 

24 

18 

12 

6 

0 


From the last exercise you will realize that if you keep to the same unit some 
histograms take up a great deal more space than others. This is inconvenient. 
Therefore it is best to adapt your imit to the value of the numbers. With large 
numbers use a small unit, e.g, in., and vice versa. For the present, use the 
same unit for n [horizontal direction) as for A„ [verticaT). 

You can draw histograms for negative as well as for positive numbers. Chart 46 
gives you the histograms for the 4 series in the table below : 

Valties ‘ Formulae 


I. A(, 

Ax 

Aa 

Aa 

A4 

Ab 

— 20 

— 12 

-4 

+ 4 

+ 12 

+ 20 

2. A_8 

A_2 

A_i 

Ao 

Ax 

As 

— I 

-f 


0 

i 

f 

3 ’ Aa 

As 

A* 

As 

Ae 

A, 

12 

9 

6 

3 

0 

-3 

4. A_i 

A„ ■ 

Ax 

Aj 

Ag 

A4 

3 

I 

— I 

-3 

-5 

-7 


= — 20 + 8rt 
A„ = 0 + 

A,, = 18 — 3K 
A,, = I — an 


These histograms show you : 

(a) The effect of scale ; 

(i) The plotting of negative terms; 

(c) The shape of shrinking as well as growing sferies ; 

(d) Plotting from different starting-ranks. 
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Ex. 8.23. Histograms from Formulae 

Find, by substitution, the values of the following formulae for the given 
values of n. Then plot the histogram on the scale given. Label each column as 
in Chart 45. 


I- A. = 3 + 

A,, = - 5 + 3«- 

3. A„ = 10 —.zn. 

4. A„ = — 40 + lOB. 
5- A« = 5 - i«. 


Values : B = o to 5. 
Values: b = 2 to 7. 
Values : fl = — i to 4. 
Values : B = 2 to 5. 
Values : B = I to 8. 


Scale : J inch = i unit. 
Scale : 3^ inch = i unit. 
Scale : inch = i unit. 
Scale : 3^ inch = i unit. 
Scale : inch = i unit. 


§ 3. SAVINGS ACCOUNTS 

So far our histograms have differed in only three ways : 

1. The voidth of the strips. This depends simply on our choice of scale and is 
thus not a real difference between the histograms themselves. 

2. The starting-‘rank. This depends on the value of Aq. It does not affect the 
shape or size of the histogram but merely its position. 

3. The steepness of the steps. This depends on the amount we add at each step, 
i.e. the common difference d. Also, if d is negative the steps go down instead 
of up. 

To give a worldly meaning to these diagrams we can take the value Aj, to 
represent the amount of money a man has in the bank on January ist. If it 
is negative it is an overdraft, i.e. an amount which he owes to the bank. Then 
suppose he saves out of- his wages a fixed sum every, month, e.g. and pays 
this into the bank. This is represented by the step up from one column to the 
next. The height of each column, which stands for the total amount in the bank, 
corresponds to the height of a pile of coins. If the depositor starts with ;(|8 on 
January ist (Aq = 8) and adds each month his bank balance goes up 
like this : ' 

Month 01234 

Balance {£) 8 11 14. 17 20 

Suppose someone asks: what was the balance on November ist, i.e. 2 months 
earlier than January ist? The answer would be 8 — 2(3) =8 — 6 = 2. Answer 
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All this is in Chart 44. We can now give a new meaning to each feature of 
this histogram: 

1. The amount on January ist (month 0) is Aq. 

2. The rate of saving is d. 

3. The number of months up to any particular date is n. 

Notice particularly the rate of saving, d. The bigger this is, the more steeply 
the steps go up. Thus d represents the increase of tlic balance per months or more 
generally : 

d — increase of A„ for a unit increase of n. 

Notice, too, that d does not depend on Aj. Next notice what happens when we 
subtract the balance of one month from the balance of any other month, and 
divide the answer by the number of months in the interval, e.g. for the months 
April and June: 

Aj-A3 = 23 — 17 = 6 

No. of months : 5 — 3 = a. 

{Amount sanei) {dme) = 6 - 4 - 2 = 3. 

Take another pair of values, e.g. months i and 4 (February and May) : 

A4 — Ai = 20 — II = 9 
4-1 =3 

{Amount saved) 4- {time) = 9 -r 3 = 3. 

You can easily verify that the answer is always the same. If you recall 
Chapter 7 in Part I you will know that numbers formed by dividing one number 
by another have a name. We call them ratios. Thus we can express the above 
rule by saying that the ratio of Amount saved to tinie-interval is always the same. It is, 
in fact, equal to the constant difference d. 

When we have two changing quantities which have a fixed ratio we say that 
they vary in direct proportion, or that one is directly proportional to the other. This 
is sometimes represented by a special symbol oc. Thus Amount saved cc time-interval, 
i.e.: 

{n-~ m) 

We can also express the same thing by saying that the ratio is constant. If C 


1 
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stands always for the same number in this formula, we then call it a constant, 
and we then write : 

(A„-A,) ^ 

n-- m 

We can sum up by saying that the equaUstep histogram is a growth-diagram of 
direct proportion or constant ratio. 

Ex. 8.31. Bank Balance Histograms (Chart 47) 

Taking January i, 1944, as « = 0 (where n = number of months) draw 
histograms for the following accounts. Monthly savings = d. 

1. Balance on January i, 1944 = 3^10. Monthly savings, d == £2. 

Plot from January to August. 

2. Balance on April i, 1944 = Monthly savings, d = 

Plot from April to December 

3. Balance on October i, 1943 = Monthly savings, d = 

Plot from October 1943 to October 1944. 

4. Balance on December i, 1943 = — 3^20. Monthly savings, d = 

Plot from December 1943 to July 1944. 

5. Balance on June i, 1943 = ;^8. Monthly withdrawal'^ rf — £2. 

Plot from June 1943 to June 1944. 

Ex. 8,32. Reading the Histograms 

The following questions refer to the histograms which you have drawn in 
Ex. 8.31. 

1. In histogram of No. i read off the balances represented by Ag, A^, A,. 
Find the amount saved from February ist to June ist. 

2. In No. 2 read off A4, Ag, Ag, and find savings from May ist to October ist. 

3. In No. 3 read off A_g, A^, Ag, and find savings from November i, 1943, 
to May I, 1944. 

4. In No. 4 read off A^i, Ag, Ay, and find savings from February ist to June ist, 

5. In No. 5 read off A^g, Ag, Ag, and find the amount withdrawn for the 
whole year. 
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§ 4. CHANGE OF SCALE 

For all our histograms so far we have used the same scale for as for n. This 
is not always convenient. For example, if values of A„ are very large compared 
with values of » we cannot plot more than a few values without shooting off the 
page. Now there is no reason against malting the A-scale different from the 
n-scale and in future we shall do so wherever necessary ] and we can do so safely 
if we bear in mind one thing. A d^erent scale alters the shape of the growth-diagram. 
From this you can see : 

1. That if both scales are changed in the same ratio there is no change of 
shape but simply of size. 

2. That if the A-scale is larger than the K-scale the diagram lengthens upwards. 

3. That if the a-scale is larger than the A-scale the diagram lengthens sideways. 

Thus we have to be particularly careful about interpreting the slope of Direet- 
Proportion Histograms. It is exaggerated if the A-scale is greater than the a-scale 
and reduced if the «-scale is greater than the A-scale, The eye is not then a safe 
guide and the ratio must always be found by dividing the number of A-units 
by the corresponding inieroal, i.e. by the number of n-units. 


Ex. 8.41. Effect of Change of Scale 
Draw the following histograms each 
I. « = — 2 — I 0 I 


A. = - 

-4 


— 2 

0 s 

Scale 

I. 

1 

n-unit = 

iin. 

Scale 

2. 

1 

n-unit = 

iin. 

Scale 

3 - 

I 

»-unit = 

iin. 

« == — 

3 


— 2 

— I 

A = 

12 


- 8 

-4 

Scale 

I. 

I 

n-unit = 

i in. 

Scale 

2. 

1 

n-unit = 

i in, 

Scale 

3 - 

I 

n-unit = 


n = — 

4 

— 

3-2 

— I 

A = 

4 


3 2 

1 

Scale 

1. 

I 

n-unit = 

i in. 

Scale 

2. 

I 

11 

3 

1 

i in. 

Scale 

3 - 

I 

«-tmit = 

i in. 


on 3 different scales as given, 
2 
4 

I A-unit = I in. 

I A-unit == I in. 

I A-unit == i in. 

123 
4 8 12 

I A-unit = i in. 
i A-unit = i in. 

I A-unit = ^ in. 

^ 2 3 4 

-I -2 -3 -4 

1 A-unit = in. 

I A-unit = i in. 

I A-unit = ^ in. 
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4. Plot the histograms for the series A« = 40 + 4« for values of n from — 15 

to 4 - 5- 

Scale I. I n-unit = in. i A-unit = ^ in. 

Scale 3. 1 »-unit = in. 2 A-units = 3^ in. 

Scale 3. 1 n-unit = ^ in. 4 A-units = ^ in. 

5. Plot the histogram for the series A„ = 2 — for the following values 
of n : — 30, — 20, — 10, 0, 10, 20, 30. 

Scale I. 2 n-units = jlijr in. i A-unit = i in. 

Scale 2. I n-unit = ^ in. i A-unit = J in. 

Scale 3. 4 n-units = in. i A-unit = j in. 

§5. FINER DIVISIONS LEADING TO GRAPHS 

Till now our histograms have been based on whole number series; but we 
can equally well have fractions. Once you have gained skill in adjusting your 
units you will have no difficulty in plotting these. For example, suppose you 
invest at 5 per cent simple interest. This means that you start with £1 and 
add IS. to it each year, i,e. £do If k = Jio. of years, A„ = amoimt 

after n years and A^, = £1, we have the series shown in Chart 47(0) : 

I +^*6r» 

« = o I 2 3 4 5 

= I 

We may want to invest our money for longer than 5 years. Chart 47(A) shows 
the histogram for 20 years. These numerous, fine divisions are very tedious to 
draw and if we wanted to go on to 100 years, it would be almost impossible. 
One way out of this difficulty is to group the years in fives as in (r). This is quite 
simple to draw; but it does not enable us to read off the exact amount for any 
single year. It shows us the values only for 5, 10, 15, 20 years. There is thus a 
limit to the usefulness of the histogram method. For large numbers involving fine 
divisions we need a new one. From {d) in Chart 47 you see what happens if 
the number and fineness of the steps in (6) increase sufficiently. The step contour 
of the histogram becomes blurred, merging into a straight line. We call this straight 
line the Limiting Boundary of the Histogram. 

Such a straight line chart has a number of distinct advantages : 

1. We can draw it simply by plotting two points and joining them. 

2. It is easily adaptable to any scale and therefore covers any range of values. 
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3. It gives the correct value at everjii point. 

4. We can use it for a large number of useful calculations based on the formula 

A„ = AQ + <f.B 

Limiting lines liie this are known as graphs. Chart 47 (^) shows you how to 
change from the histogram to the graph. Chart 48 shows the graph corresponding 
to Chart 44. 

. Squared paper is a great convenience for graph-drawing. It is not absolutely 
necessary but it saves a great deal of time. Notice the following : 

I. We draw a,y-axis through the o-value on an x-axis. This divides the paper 
into two parts : 

right-hand side for values of x, 
left-hand side for — values of x. 

a. In order to emphasize thp difference between the step-by-step growth of 
the histogram and the smooth, continuous growth of die graph, we adopt 
a new letter x in place of n. The symbol x stands for any number which 
can be divided into an indefinite number of parts. In place of A„ we adopt 
the letter jf. This also is indefinitely divisible. 

3. Our formula A„ = 8 -f- 3 b now becomes : 

^ = 8 -f 3* 

4. The point at which the graph cuts the j»-axis depends on the value of A^. 
In Chart 48, A^, = 8 and the graph cuts thejii-axis at the pointy = 8 , x = 0, 

5. The slope of the graph is the same as that of the histogram. On the same 
scale, it depends solely on d, the common difference. Thus the value ofy 
in Chart 48 goes up 3 units for each unit increase in x. 

If we use jiq for the value of j when z = 0, >0 is numerically the same as Ag 
in our equal-step histogram, and the coefGcient ofx in the equation of the straight- 
line graph is the common difference d. We can therefore write it as : 

Hence we can put : 

j>-yo=d.x 

X 

^e numerator is the vertical increment corresponding to the horizorital 

increment x. So d is the ratio of the increase along the j^-axis corresponding to 
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a given increase along the «-axis. This is what we ordinarily mean by the slope 
or gradient of a line. When we say the gradient is i in 10, we mean that a vertical 
rise of 1 corresponds to a horizontal measurement of 10. If we say the gradient 
or slope of the line is 3 as in Chart 48, we mean that a vertical rise of 3 corresponds 
to unit horizontal shift. 

Ex. 8.51. PLOTxrNG Graphs 

Plot graphs for all the series given in Ex. 8.si. Write down the formula for 
each, using x and_y. 

* )(■ 4! <i> iK 

The last exercise gave you practice in plotting points ; but actually only two 
points are needed for plotting a straight-line graph. For accurate drawing, it is 
best to take two points as far apart as possible. It is often useful to take Ag as 
one of the points, i.e. the value of for which x — o. Our formula is now : 

= J’o -hd.x 

T!he second point on the graph can be found by giving x any convenient value, 
e.g. 5. Thus if 

= 8 + 3* 

when * = 5, 

.;» = 8 + 3 . 5=23 

We can thus plot x = 0, j = 8 as our first point, and x ~ = 93 as our second 

point. We then draw a straight line joining them and extending beyond them as 
far as we wish. For convenience we express these points thus : 

(0, 8) and (5, 93) 

Ex. 8.52. Graphs or Formulae 

Change the formulae of Ex. 8.22 into the x, y notation and plot their graphs, , 
using the scales stated. 

Our remarks about change of scale for histograms apply equally to graphs. If 
you increase the jv-scale the slope is steeper, if you increase the *-scale the slope 
is less steep. 

Ex. 8.53 

Construct the x^y formula for the series in Ex. 8.41, and then plot the graphs 
on each of the tlmee given scales. 

Booh Two ^ 
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§ 6. APPLICATIONS OF THE STRAIGHT-LINE GRAPH 

The two kinds of growth diagrams— the histogram and the graph— should 
strictly be used for two different kinds of quantities. Some quantities such as 
population, money or dots in a pattern can go up only by jumps. Thus a popula- 
tion is always a whoU number of persons. Money is always a whole- number of 
coins — even if they are only farthings or centimes or cents. Other quantities are 
not expressible by whole numbers. When we say that a table is 6 R. wide we 
mean that 6 ft. is the scale division on our footrule nesirest to one edge when 
we put the zero mark as nearly as possible in line witli the opposite edge. Any 
measurement is an estimate of the nearest scale division. It never corresponds 
exactly to a whole number. Now measurements, e.g. bab/s weight, go up 
steadily, not by jumps. Temperature rises and falls and we can measure 

it to small fractions of a degree. It is this second kind of growth which the graph 
most truly represents, though it is sometimes amment for the first kind, as when 
the units are too small for a satisfactory histogram. 

Thus a graph gives us a picture of conHrmus growth, a histogram of growth 
by jumps. Whenever one continuous quantity is directly proportional to another 
we can draw a straight-line graph to show the relation, and not only to show 
it but to measure the value of one corresponding to a given value of the other. For example. 
Chart 49 shows how die readings of the same temperature measured on different 
thermometer scales. Centigrade and Fahrenheit, are connected. The F-readings 
are on thej)^axis and the C-readings on the AJ-axis. Calling the F-readings T and 
the C-readings t, we have : 

T = 32 -H?t 

(compare^ =ya + d.)i) 

You see fi:om this : 


That the graph cuts the T-axis at 33® F. (i.e. 33® F. = 0® Q.). 
That the F-readings go up i-J® or i • 8® for every r® C. 


49-50 the following temperature-readings. 


I. 

3 . 

Ex. 8.61. GRAPH-REAnmo 
From the graphs in Charts 
r. The F-reading for 5° C- 

2. The F-reading for 25° C. 

3. The F-reading for go® C, . 

4. The F-reading for — 15® C. 

5. The F-reading for 110° C. 


6. The C-reading for 50® F. 

7. The C-reading for 68® F! 

8. The C-rcadingfor 132® Fi 

9. The C-reading for — 4® F. 

10. The C-reading for — 40® F. 
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The coefficient ^ of Af in the equation of the straight-line graph always stands 
for the slope^ if we define slope (or gradient) as the ratio of the vertical increment 
(change oiy) corresponding to a given horizontal increment (change of jf), or, 
what comes to the same thing, increase oiy per unit increase of x Whether the 
slope of a graph looks more or less steep to the eye depends on the scale. If the 
gradient of a railroad track is 1 in 10 {d = 0- 1), our graph gives us a faithful 
visual picture of the slope, when we lay out vertical and horizontal measurements 
on the same scale, e.g. i in. = 100 yd, upwards or forwards. If we use i in, to 
represent xo yd. vertically and 100 yd. horizontally, the miwZ picture will be 
that of a track with a gradient of i ; but we can use it just as well to read off the 
height at a given horizontal distance from the beginning of the incline. When 
we use graphs as in the last exercise (Ex. 8,61), we can choose the most convenient 
scale for our purpose in either direction. 

Chart 50 shows how we can make the Fahrenheit scale equal in length to the 
Centigrade by changing the scale of Chart 49. The graph then goes up at 45®, 

i.c. one vertical unit for every horizontal unit. This represents die readings on 
a single thermometer having both scales. The ratio of the F-unit to the C-unit is. 
5 : 9 (=1-0 : 1-8). 

Ex. 8.62 

Make graphs like that of Chart 50 to convert : 

1. Pounds into dollars (taking i dollar as 5J,). 

2. Pounds {lb,) into kilograms (i lb. = 0-45 kilos), 

3. Litres into pints (i pint = 0*57 litres). 

4. Pints into cubic feet (i pint = 0*02 cu.Ji.). 

5. Acres into square miles (640 acres = i s^. mile). 

6. Centimetres into inches (i in. = 2*54 cm.). 

7. Miles into kilometres (i mile = i ■ 61 kilom.). 

8. Yards into fi’actions of a mile {i^ySoyd. = i mile). 

9. Litres into cubic feet. 

10. Acres into square kilometres. 

Ex, 8.63 

From the graphs of Ex. 8.62 read off the following and check by arithmetic. 
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r. 3^5 15s. in dollars. 

2. 4^ lb. = ? kilos, 

3. 2-J- pints = ? Utes. 

4. I mile = ? yds. 

5. f sq. mile = ? acres. 


6. 0*3 cu. ft. = ? pints. 

7. 7^ kilom. = ? miles. 

8. 350 acres = ? sq. kilom. 

9. 17 cm. = ? inches. 
iOp ? litres = 0*75 


sfe 


The last exercises (8.62 and 8.63) illustrate the use of a graph as a calculating 
device. In all of them, we are measuring the same characteristic of a thing, c.g. its 
volume, its weight or its length, in different sets of unitSj and our graph show us 
how much growth in one system of units corresponds to the same increase in 
another system. When we plot a baby’s weight (i lb. — i vertical unit) month by 
month (i month = i horizontal unit), we are measuring different characteristics 
{weight and age) of the same thing. So the units are necessarily different. A simple 
interest graph {amount of capital and time) is a straight-line graph of this sort. So 
also is a graph which shows how much we have to pay for a certain amount of 
coal. If we are told that coal is 4s. per cwt. or ^4 per tow, we can calibrate our 
vertical and horizontal scales to read off the price in either shillings or pounds 
for either cwt. or tons. Suppose we represent price by vertical and weight by 
horizontal measurements. Let us make i large unit divided into 10 smaller ones 
on our square paper represent los. on the vertical and 10 cwt, on the horizontal 
scale. We can then label our horizontal scale in a columns thus : 


Units 

Cwt. 

Tons 


0 

J 

2 

3 

4 - 

0 

10 

20 

30 

40 . 

0 

0‘5 

i-o 

1-5 

2*0 


We can now read off the price (vertical units) for either or tens directly, 
counting i small unit as i cwt. or 0*05 tons as required. Likewise we can label 
our vertical scale : 


Units 0 

Shillings o 
Pounds o 


1 2 

10 ao 

0-5 1*0 


3 4 • • • 

30 40 . , , 

I’5 2*0 . , 


On the vertical scale one small unit is either is, or 3^0 • 05, We can therefore use 
the same graph to read off the price in shillings of so many cwt. or so many tons 
or the price in of so many cwt, and so many tons. In fact we can label our 
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scale in as many units as we like. If i dollar is 5s., we can label our vertical scale 
in 3 columns as follows : 

Shillings 01 2 3 4 5 . . . 

Dollars 0 0'2 0-4 o-6 o-8 1*0 . . . 

Pounds o 0-05 O' I O' 15 0-2 0*25 . . . 

Similarly we could label our horizontal scale in lb., cwt,, tons, kilos simultaneously. 
To take advantage of this trick we have to use common sense when choosing our 
unit ; and to use graph paper with a fine mesh. For instance, if we want to label 
a scale for pence or shillings, we might use graph paper on which 5 small units 
represent a penny and 6 large units represent a shilling. 

Ex. 8.64 

1. Make a graph showing the price in pence or cents of milk in pints and litres 
at 4d. per pint (i dollar = 5s.). 

2. If land is .£^0 per acre at an exchange rate of 4 dollars to the make a 
price graph showing the value of a given area measured in acres and sq. 
metres for sale in £ and $. 

sN 4c 

§ 7. SHAPE AND SCALE 
We have now met three sorts of graphs : 

(fl) The Contour-fype, e.g. height of a railroad track at a given horizontal 
distance fi-om a fixed point, such as the beginning of the slope. Here we 
are measuring the same characteristic (a distance) of the same thing in the 
same system of units. 

(b) The Temperature-type, e.g. degrees Centigrade and Fahrenheit or area in 
acres and square miles. Here we measure the same characteristic of the same 
thing in different ^sterns of units. 

(c) The Price-type, e.g. cost of coal per cwt. or baby’s weight per month. Here 
we measure different characteristics (e.g. cost and weight or weight and age) 
of the same thing in units which are necessarily different. 

All three types are serviceable as calculating devices; but the first may be some- 
thing more. If we use the same scale for vertical and horizontal measurements 
it gives us a correct visual picture of what the graph stands for as well as pro- 
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viding us with a means of reading off the correct height at a given distance from 
a fixed point. If we use a larger horizontal unit, our straight-line^ graph will 
slope less steeply. If we use a smaller one it will slope more steeply. It is important 
to remember this, because we can use graphs not merely as calculating devices 
but as means for discovering a formula or equation connecting two sets of 
measurements. How we can use them with this end in view is another story i but 
it is well to realize in advance that what a graph looks like depends on scale^ 
and what shape corresponds to what formula implies agreement about the 'scales 
we choose for our vertical and horizontal measurements. 

If we measure the horizontal and vertical distances of successive points of any 
flat shape on the page of a book from the left bottom corner, we can reproduce 
it in miniature or magnify it by plotting the measurements on a finer or coarser 
.mesh and joining the points. If the spacing of the mesh is equal in both directions, 
the shape is the same. Otherwise we distort it, as we distort a figure drawn on a 
sheet of rubber, when we stretch it in one or other direction. On a rainy day 
you can follow up the clues of Charts 51-52 by distorting figures in this way. 

§ 8. THE VERNIER SCALE 

A useful fact to know about scales is the basis of a device for making very pre- 
cise measurements. Suppose we set two scales side by side (Chart 53), one marked 
in units of 12 in., the other belovv it in units of 1 1 in. The 3-unit mark of the lower 
lies opposite that of the upper when its zero mark is 33 in. to the left of the latter. 
Since the 3-unit mark on the upper is 36 in. from its own zero mark, the zero 
mark of the lower will be 3 in. in front of the zero mark of the one above it. If 
we set the two 4-unit marks level, the zero mark of the lower one will be 4 in. 
beyond the zero mark of the upper. Now suppose we have two 11 -ft. poles, one 
marked out in ii divisions I2 in. apart, the other in 12 divisions ir in. apart. 
We put the first with its zero mark at one end of an object we want to measure. 
The other, end of the object is somewhere between the and and 3rd divisions. 
We know therefore that it is a little over 2 ft. long. Now bring the second pole 
alongside the first with its zero mark level with the end of the object. If the 4th 
division of the second pole lies level with the 4th division beyond the 2-ft. mark 
on the first we know that the end of the object is 4 in, from the a-ft. mark, so 
that its correct measurement to the nearest inch is 2 ft. 4 in. 

By combining two coarse scales we can therefore make fine measurements. In 
fact we can make measurements in terms of scale divisions separated by distances 
otherwise too small for the eye to distinguish without the help of the microscope. 
A combination of this sort is called a Vsmier after its inventor* Chart 54 
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which shows it represents part of^a ruler (magnified) 4 The space fi:om a to 3 
represents i inch. The lower rectangle is tie Vernier attachment which slides 
along the edge of the ruler. The distance to be measured is from the o-end of 
the ruler (oflF the palge) as far as the dotted line just beyond the second division 
after a. Thus the measurement is a little more than 2-2 ins. The extra bit is x. 
To use the Vernier we sHde it along until the edge is exactly under the dotted 
line and then look along the divisions till we sec one which is just in line with 
a division on the ruler. It is the third division along. 

Now study the Vernier itself. It is -g^ths of .an inch long (magnified in the 
Chart) and divided into 10 parts. Thus each part is ^^ths of *3^th of an inch^ 
i.e. rlotb or Starting from the dotted line we now have 2 series of 

steps, one on the ruler, each i?o?r ^-9 the other one the Vernier, 

each in. They are out of step by the amount x. As we go along, the upper 
divisions gain Xo^th on the lower divisions at each step. After 3 steps they are in 
line. Thus we know that they were, out of step by yf^th in. 

(inches) 

In this example they are out of step by 3 but the difference might be any nurnber 
up to g. Call it a. Then a steps on upper scale = a tenths of an inch. 

The Vernier units are ^^ths of the upper divisions. Thus a lower scale divisions 

-f distance a; = a upper scale divisions. 

i.e. (lV*) + ^ ^ 

« = a — 

This is a device you can easily construct yourself from cardboard or plywood. 
You can mark it out in inches or centimetres or degrees or any other unit. It is 
useful whenever we want to measure to a degree of accuracy finer than our 
smallest distinguishable scale divisions, and is an essential part of all measuring 
instruments of high precision. The general rule is that we can measure a fraction 

I I — 

- of a unit on one scale if we have a second scale with divisions units apart. 

X . X 

To measure minutes of an angle we need therefore a Vernier marked with 
divisions |^ths of those on the scale of degrees. 



CHAPTER 9 


Graphical Representations and 
Solutions of Equations 

§ I, VARIABLES AND FUNCTIONS 

Any nnmber-aign used in Arithmetic, such as 8, 36, 1066, has a fixed meaning. 
We use it for referring to a group of countable real things such as eggs or men or 
stars. The number-signs which we used in Book I of this Algebra, such as n, T, F, 
stood for whole series of numbers. Thus they were more general than the numbers 
used in Arithmetic. For instance, T„ stood for the series of Triangular Numbers: 

I 3 6 10 15 . . . 

There are no values for Triangular Numbers in between these values. It is 
meaningless to ask for the rank of the Triangular Number whose value is 13. 
There is no triangular number between lO and 15. Such numbers go up by 
jumps. 

In this Book we are dealing with yet another kind of number. The numbers 
we have called x and j' can have any values. We use them in dealing with quan- 
tities like temperature, weight, speed, etc,, which do not vary by sudden jumps 
but smoothly, like a moving ship. The notion of keeping track of numbers which 
change smoothly like a moving ship arose naturally out of the practice of 
representing a ship’s course on a grid of lines with which we are familiar as 
parallels of latitude and meridians of longitude. In fact the first mathematicians 
to try out this trick did so about the time — the fifteenth century — when the 
great navigations were undra weigh. They called what we now call the ordinates 
(j guide-lines of the grid) longitudines and what we now call abscissae {x guide- 
lines of the grid) latitudines. 

One name for quantities which vary smoothly like a moving ship is variables. 
Our graphs are diagrams showing the values of variables. The ones in this Book 
are all concerned with 'im variables. It is possible to have more than two but 
it is more diflicult to deal'with them. One variable x, which we call the independent 
variable, can have any values we choose to give it. The other variable is fixed 
once we have fixed our value for x. Thus it depends on x, and so we call it the 
dependent variable. 
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What we call dependent and what we call independent is often a matter of 
taste ; but in practical affairs the notion of dependence is important. A temperature- 
reading depends on the time. The speed of a car depends on its horse-power. The 
income-tax which you pay depends on your income. The weight of a baby depends 
on its age. There are different kinds of dependence. The great advantage of drawing 
graphs is that they show the kind of dependence at a glance. There is a special 
word to express the dependence of the dependent variable j on the independent 
variable x. We say is 3. function of x. In symbols we write ; 

y=f{x) 

The formulae in Book I were eittamples of functions of a special sort. The 
value of a figurate number depends bn its rank, but of course the rank is always 
a whole number. Thus the formula represents a discontinuous function^ one which 
increases by jumps. The formulae we use in this Book stand for contirmus functiotis^ 
ones which grow without interruption. So far we have met only one type 
illustrated by : , 

y= 8 + 3^ 

J = 3^ + 6^ 

The number series of Book I could be expressed by an equation [formula) or 
by a set oi patterns. In this Book the functions we shall deal with can be expressed 
as an equation or as a graph. The equation enables us to calculate one variable for 
any value of the other. The graph enables us to see how the function varies, and — • 
if we wish — to measure it instead of calculating it. 

In our first two chapters we are dealing only with straight-line graphs. We 
call the fiinctions of these graphs linear functions. They represent pairs of numbers 
in Direct Proportion to one another. Plotting the graph of a linear function is very 
simple. Squared paper is not necessary, if we have a set square to give us two 
directions at right angles. Choose any two values of the function, not too close 
together. These give you two points on the graph. Join them and there is your 
graph. Chart 55 shows that oiy = 3 ^ + 5. 

Example : Plot the graph : ^ 

Take two values of x, say -- 5 and + 5. 

a: ■= — 5 ^ 4(— 5) — 6 = — 20 — 6 = — 26 

A! = + 5 4(+ 5) ” 6 = 20 — 6 = 14 

Choose a scale which enables you to plot from — 26 to + ^4 same page, 

e.g. ij^unit == inch. 
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The *-unit can be larger, e.g. : 

I AT-unit = i inch 

Our two points are : 

(» = — 5, — a 6 ) and (* = 5 , ^ = 14) 

We can write this more briefly : 

(_ 5, _ 26) and (5, 14) 

As here, we shall always write the A;-value first, and the>-value second. Mark 
the one point 5 Ai-units to the left of the jv-teis and 86^-units below the Af-axis. 
Mark the other point 5 x-units to the right of the j»-axis and 14 j?-nnits above 
,thej-axis. Then join the points. 

By e:q)erience you learn in time to choose the most suitable units and to place 
the *- and^axes in the most convenient part of the page. 


Ex. 9. 1 1. Plottinq Linear FuNGxroNs 
Plot graphs of the following functions. 


I. = 2* + I. 


2. jy = gr. — 5. 

3. = — * + 2. 

4. J, = 5* _ 4. 

5. ^ — 10* 4- 6. 


6. = — 8* ~ 12 

= + 

8. — 2. 

9 - = A* - 

10. = — ^AT + 8. 


N.B. — When the coefficient of x is ftactional it is best to choose values of x 
which are multiples of the denominator, e.g. if coefficient is take, say, a; = 25 
or 40. 

The graphs you have just drawn were miscellaneous, and not connected in 
any way. It is interesting to duscw families of graphs (just as we drew families of 
numbers in Book I). You should draw each family on a single sheet of graph 
paper to bring out the family likeness. 


Ex. 9.12. Familees of Linear Fitogtions 

Draw each of the following sets of graphs on the same sheet and the same 
scale. (You may vary the scale from one family to mother.) 
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y = X 

2.y = — x 

y = ax 

y = — ax 

y = 3 x 

y = - 3 x 

y = 4 x 

y = ~ 4 X 

3. j> = « + 4 

4. j = * + 4 

ji> = a* + 4 

y = X +3 

y = 2x + 4. 

y = x-i-a 

j = 4 * + 4 

y = x+ I 

5. = a* — 0 

6. y = X + 8 

V = ax — I 

y = xi -5 

y = ax — a 

y = x-i- 2 

y = ax -3 

y = X — I 

7 - J = - 3 * + 8 

8. y = ax + 4 

■ y = — 3x-h 0 

y = — ax + 4 

y = 3x — 8 

y = ax — 4 

y = 3x — 16 

1 

Cl 

1 

II 

9.y = x+6 

10. y = ix -i- a 

y — — X + 6 

jv = f* + a 

y = X — 6 

y = ^x-\~'a 

V = —■ X — 6 

y = 4 x + 4 


When we studied families of numbers in Book I we were able to obtain a 
general formula for the whole family. We can likewise find a general equation 
for a family of graphs. In Chapter 8 we saw that the equation for any straight 
line can be written : 

y = J'o + 

Mathematicians get into the habit of choosing a particular set of letters for a 
particular function and sticking to it. A common way of writing the above 
equation is : 

y = mx-\- c. 

Here c is j>o and tn is d. 

If you study carefully the graphs you have drawn in the last exercise you will 
see that : 

(a) In some families m is fixed and c changes, e.g. ; 

j)» = 3 a ;-|-2 J' = 3 * + 4 

ji' = 3 * + 3 ^ = 3 ^ + 5 
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We can write the family formula : 

y=:^x + e 

A family for which m is fixed, wlulc c varies, is a set of parallel straight 
lines, i.e. lines with the same slope m as clcfinrtl on f)p. lyfi and 177. 

(b) In other families c is fixed and m changes, e.g, ; 

^ = ax + 5 y =- 6 x + 5 

= 4X + 5 y 8.V 5 

We can write the family formula;,)* = mx f 5. 

A family for which e is fixed, while m varies, is a set of lines of varying 
slope all cutting theji-axis at the same point j* - - c. 

(c) In some families of a members the numerical values of r and m arc fixed 

but the sign attached to c may be positive or negative, e.g. ; ’ 

y = 2 x + i y 2 X — 4 

If the sign of e is positive the graph cuts the,y axis al>f>ve the level of the 
x-axis. If the sign of c is negative the graph cuts lhe,y-axis below the level 
of thej>-axis. 

(d) In some families of 2 members the numerical vahics ofr anti m are fixed 
but the sign attached to m may be positive or negative, e.g, 

J>- ix y r. HA- i 4 

— 2 X ^ . 4 ^ 

the sign attached to m is positive the graph slopes upwards from left 
to nght. When it is negative the graph slopes downwards from left to right. 

Ex. 9.13, Famziy Formulae 
F ind the family formula for questions 1-5 in Ex. 9. 1 2. 


§ 2 . THE STANDARD LINEAR EQTUATION 


j disguises, 

generally advisable then to reduce it to the standard form. ’ 


It is 


Example: 

We can write tliis : 


3* H“ 4J^ + 5 “ 0 


Thus m = - 1, and c 


4 .;’ - - - 5 
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The equation j> = x would appear in standard form as : 

y= IX + 0 

This has exactly the same meaning but it emphasizes that m = i and c = o, 
i.e. the slope or gradient is i, and the point of intersection on thej'-axis is 0. 

Occasionally, it is convenient to make x the dependent variable and ji the 
independent. This is known as changing the argument or changing the subject. . 


Example : j' = 4* — 6 

4 * =y + 6 

When we change the argument we must indicate that m and c have a different 
meaning. We can do this by calling them m' and r'. You can see from the above 
that: 


Thus we can write either 



jmd c' 


c 

m 


X = m'y + s' or x 
We shall call this the Inverse Standard Form. 


I c 

-y 

m m 


Ex. 9.21. Reduction to Standard Form 

Reduce the following equations first to standard form then to inverse standard 
form. 


1. lox — 5;)»4- 3 = 0- 3- — 5 + 3* = — 4JV- 

2. 15^ + 2* = 12. 4. 5(x + j) — 6 (a; —y) + 8(a: + 2) = 0. 

5- 3* + O + 5(* +J’) = o- 


The quantity m is very important. As we have seen it gives us the slope or 
gradient of the graph. The gradient of a railway-line means the ratio of the 
vertical height through which you rise to the horizontal distance you traverse. 

You see little signs beside the line such as i in i2oj or i in 384 . Railway slopes 


are never very steep but the slope of a graph may be anything from 0 in i to i in o. 
We write the gradient as a ratio or fraction, such as : 


02 1 12 50 100 

3 10 5 3 I 


I 


etc. 
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Now study the series : 



You see that the smaller the deuommator the larger the ratio. What happens 
as the denominator dwindles further still? 

I t ^ o 

- 7 - = 100 — n — “ 100)000 - = r 

rSr ioo^boi) ° 

We have no number to express How many times can you put your hand in 


your pocket and take nothing out? You can go on till the pocket is worn out. 
We call this indefinitely large number: infinity. The symbol for it is «j. Thus: 

- = CO and _L = 0 
0 00 

As applied to graphs 00 means the slope of a graph which is perpendicular to 
the x-axis. Thus when w = 00 we have : 


y = -a: 4- c 
0 

0 and CO often give trouble in equations as they do not obey all the rules of 
ordinary numbers, and, of the two, 00 is the more awkward. We may avoid it 
by interchanging x and Using the inverse standard form : 

X = m'y -f d 
x = 0 +e' 

This is the equation of thej»-axis {d = o).and of all lines parallel to it. 

Chart 56 gives' you the equations for some special lines. Study it carefully 
and then answer the questions in the next exercise. 

Ex. 9.22. Linear Functions of Special Interest. Charts 56-57 

1. What are the gradients of A and B? 

2. What is the value of c for A and B? Why? 

3. What do you notice about D, B and E? 

4. What do you notice about C, A and F? 
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5. Can you pick out any other families of 3 lines obeying the same rule as in 
No. 3 and No. 4? 

6. What unusual feature do you notice in I and J? 

7. Why is the *-axis labelled = 0* + 0? 

8. Why is the jt-axis labelled * = oy + 0? 

9. Pick out all the graphs which have a gradient of i or — i. What do you 
notice? 

10. What is the rule for the family C, D, E, F? 

Sfc sfe 3|C # 4s . 

Now notice the following points : 

(a) The *-axis itself is a graph, having as its equation : 

j) = o i,e, jii = ox + o 

( 4 ) The j-axis is also a graph having as its equation : 

X = 0 i.e. X = oj + o 

(c) Any line parallel to the x-axis is a graph having as its equation : 

y = c i.e. = ox + c 

id) Any line parallel to the j)-axis is a graph having as its equation : 

X = c' i.e. X = ojM + c' 

(e) Hence the lines of the squared paper are themselves all graphs. They form two 
intersecting families, = c and x = c*. 

(/) All parallel lines have the same gradient m. 

(5) Perpendicular lines have negative inverse gradients, m and — 

Verify the last conclusion by drawing pairs of graphs with negative inverse 
^adients, e.g.j> = ax — 5 andjv = — Jx + 3. 

Ex. 9.23. Practice with Special Graphs 

I 

1. Draw the following graphs : 

j>= — 4, ji= — a, j> = o, y = a, p = 4 - 

2. Draw the following : 

x=-3, x=-i, x=i, x = 3. 
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3. Draw the graph - 2;c + 6. Where does it intersect thc^-axis? Draw 

3 more graphs, all parallel to this one, cutting thej^-axis at_y = 3 > ” Oj 

y =. — 3, Write down their equations. 

4. Draw the graphs = Jat - 2, Draw four more graphs, all perpendicular to 

this one, and cutting the^-axis at j — 2, = o, = 2. Write 

down the equations of these four graphs, 

5. Note the points at which each of the graphs you have drawn in Nos. 3 
aiid 4 cut the x-axis. Substitute this value for x in the equation for each. 
What do you find? 


§ 3, GRAPHICAL SOLUTION OF EQJJATIONS 

We can now connect the graphical view of Equations which we have reached 
in this chapter with the algebraic view of Book I, Chapter 7. Our aim in 
solving such equations was to find an unknown number. They were all puzzles 
of this type : given certain information about find the value of n. However com- 
plicated the information, we could always reduce it to a statement like this: 
so many times « + a certain number ^ 0. For example : 


3^ -{- 8 = 0 

•We solve this equation as follows: transfer 8 to the right-hand side and change 
its sign : 

3n = — 8 

Divide by 3 (the coefficient of n) : 

3 

8 

Thus is the answer or solution. 

3 

Thus in solving the equation gw -|- 8 = 0 we are solely interested in finding 
what value of n makes the expression 3W 4- 8 equal to 0. Any other values of n 
are not our concern. When we take the graphical view of this equation our interest 
is wider. We want to know the value of the expression 371+8 for all values of n, 
or at any rate for a whole range of values. If a man has a motor accident a 
policeman will be interested in his doings at the time of the accident only, but 
a historian or bio^apher is interested in his whole life and career. The historical 
view is the graphical view. Thus when we adopt the graphical view we seek to 
represent the whole career o^\the expression 371 + 8. We do this by representing 

\ 
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all its values on a graph for all values of n, over a certain range, from o upwards 
(and downwards if wc wish, i.e. negative values). We arc interested in the 
expression not merely as a quantity which equals o but as a variable quantity 
passing through a whole range of values, of which o is a particular case. 

From this it follows that we can use a graph to solve an equation, i.e. to find 
the value of n (or x) for which the expression is equal to 0, but the graph gives 
us a lot more information as well. It shows us how the expression depends on n. 
Just now we used the term function to express this dependence, and since we are 
now dealing with continuous variables we shall speak of x rather than n. 

Now where does j come into the picture? Well, we have a certain function, 
3^ + 8. This function may be equal to o. If so we write: 

3^ + 8 = 0 

Because it is a variable function, it can take oh a whole range of values such as : 

‘ 3;r + 8 = 1 ; 3A: + 8 = 2 ; 3A: + 8 == -- 5; etc. 

\^e need a symbol to express this range of values. This is the meaning of j. It 
means the complete range of values through which the function passes as x changes. 
The graph tells us the whole story of the function at a glance. Every point on 
the graph represents a certain value of x and the corresponding value ofy. We 
call this pair of values the co-^ordimtes of the point •The solution of the equation is 
given by the xrco-ordinatefor which the y~co-ordiT%ate is o. 

Chart 57 indicates the graphical solution of the equation + 3 = o. It also 
sums up a great deal of the information given in this chapter. The graph gives 
the solution of 2X + 3 = 0 as — i|. We can verify this by algebra. 

2a: + 3=so 2:k:=— 3 a;==— f 


Ex. 9,31. Graphical Information 

Make fully labelled charts similar to Chart 57 for each of the following equa- 
tions. Check the graphical solution by algebra. 

I, j)i= — 4*4- 10 . = — 2 . 

= — 5 - 4. jc = — 8*4-1. 

5- = - i* 4- 3- 

)|e ■ :(e 3|e a(s 

There is, of course, no need, always to label graphs as fully as in Chart 57. 
The last exercise was intended simply to give you mastery of the language of 
graphs. Once you have mastered it you can take a good deal of it for granted. 

Booh Tm ’ N 
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In the next exercise you need to draw only the two axes and the graph itself. 
Give the v^ues of the and j)-co-ordinates along the axes and show clearly 
the solution. Write the equation along the graph itself. 

Ex. 9.32. Graphical Solutions of Linear EquATioNS 

Solve the following equations by graph, reducing— where necessary — to 
standard form- Check solutions by algebra. 

i.j>=8Ar— 10. . 3. 6x-l- 3^ — 2 = 0. 

— 4. I* — + 8 = o. 

3 2^3 

By now you may have realized that finding the graphical solution is often 
slower and less accurate than finding the algebraic solution, and you may be 
wondering why anyone should take the trouble to solve equations by graph. 
The answer is that when we come to more complicated equations we shall find 
the graphical method is often the easier and sometimes the only one which 
gives us an answer. So it is best to master it by practising with simple equations 
first. 


§4. SIMULTANEOUS EQJJATIONS 


At every point in its career the position of a graph can be labelled by two 
co-ordinates. At any point in its course, it cuts across one line parallel to the 
j-axisj distant a from the J^-axis, and another line parallel to the ^-axis and 
distant b from it. These two lines, whose equations are = a and_y b, may or 
may not appear on the squared paper, but they can always be drawn if necessary. 
The X- and ^axes arc themselves 'special examples. The solution of an equation 
is the point at which the graph cuts the ^O'axis, i.e. j = 0. But we are not always 
interested in this particular solution. We may want to know at what point our 
graph cuts some other line. Since every line represents a function this means 
that we want to find the point at which two functions are equal, i.e. when the 
graphs cross one another. 

We have previously used the word solution to mean the value of x which makes 
f[x) = 0. We shall now use it to mean the values of x and j which make: 


Here/i and are different functions. To distinguish these two sorts of solution 
we shedl call the second kind the simultaneous solution. We shall call -the two 
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equations simultaneous equations. Each function has its own graph. What concerns 
us is the point at which the two graphs intersect. Our simultaneous solution is 
given by the co-ordinates of this point. 

Chart 58 shows you the simultaneous solution of the two equations 
= — 3* + 4 and 2j)i = — 7 + * i 

In standard form these are: 

^ = — 2* + 4. and j>=lx 

The co-ordinates of the point of intersection are x — 3, j) = — s. We can 
check that these values do, in fact, satisfy both equations. 

- 2* -f 4 = - 2(3) -f4 = -6-l-4 = — 2 
and 

ix - 1 = 4(3) - 34 = 4 - 34 = - 2 

Note that the graph = — 2* -|- 4 cuts the *-axis at the point * = 2. If we 
regard the *-axis as simply another graph, the graph of 7 = o in fact (see 
Chart 56), we see that we can regard our first use of the term solution as simply 
a special case of the second. The solution of a single equation is in fact the simultaneous 
solution of that equation with the equation 7=0. It is worth while to think hard 
about this. It is a good example of something we are continually finding in 
mathematics. We use a term in a certain sense. We explore its use to see where 
it gets us. We discover new things. We then find ourselves compelled to use the 
term in a wider sense ; but the wider meaning includes the narrower meaning 
as a special case. 


Ex. 9.41. SlMULTAMEOUS GRAPHICAL SOLUTIONS 

Find the simultaneous solutions of the following pairs of equations. (Reduce 
to standard form, where necessary. Check by substitution.) 


1. 7 = + 4 

^=- 1^+8 
2. 2* -+-7 +.2 = 0 
3;j -f 2^f — 6 = 0 
3- + 4.? + 28 = 0 

5* — 27 8 = 0 

4. 4(a; -t- 27 + 3) = 12 
2(Af +7 -f- 3) = o 

5 * 4* +-37 = 3 
— 6>i-(-x= — 3 


6. 2 (6x + 27 -b 5) = 10 
■2(2* -j- 67 — 5) = — 10 

7 - 2(37 -2*) = 5 -4* -35 

3(27 + 3*) = 5 + ^ + 22 

8 . * + 5 J' + I = 0 
3X — 27 — I = 0 

9. 247 — 8* - 3 = 0 

247 32* + 15 = 0 

10. 3(x +7 + i) - 2(x +7 + 5) = - 5 

— 7 + 0 - 3(^ — 7 + 5) = — 21 
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§3. ALGEBRAIC METHOD FOR SIMULTANEOUS EQPATIONS 

In Book I we dealt -with simple equations as a method of solving certain 
number-problems or puzzles. In this Book we have treated them as functions to 
be represented as graphs. We have started off by treating simultaneous equations 
as graphs. We shall now deal with them algebraically. Suppose we have a 
puzzle of this type: the sum of two numbers is 12 and their difference is 6, find 
the number. 

Write n for the greater number, m for the smaller number. 

Sum; n -J- m = I2. 

Difference : b — m = 6. 

Neither of these equations can be solved alone. They must be solved simul- 
taneously. This does not mean at the same moment. It means solving one with 
the help of the other, so as to obtain the same answer for both. There are two 
algebraic rules to help us ; 

1 st, We can solve only one equation at a time. 

snd. We can do what we like to an equation so long as we treat both sides 
in the same way. 

We cannot find both unknowns at once. So we must get rid of one for the 
time being. This is called elimination. Our two equations are : 

n-\-m= 12 
n— m =6 

If we add the two equations together we have {n n) + {m — m) = 12 6, 

i.e. 2B -|- o == i8. 

2«= 18 

.’. B=9 

We can find m in several ways. 

(i) Repeat the first process, but this time eliminating n. To do this we must 
subtract one equation from the other. 

« + m = IQ 
a m = 6 

.’. (a — b) + w — (— m) =,ia — 6 
B — B = 0 m - (— m) = + am 12 — 6 = 6 
.‘. _ am =6 m = 3 
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(a) Replace n in the first equation by the value 9 first found : ♦ 

9 -|- m = 12 

m= 12 — 9 = 3 

(3) Replace « in the second equation (i.e, sidistiiution) : 

9 — m = 6 

_m=6 — 9 = — 3 m = 3 

We can choose whichever method is simplest for the given figures. 

Next take this puzzle : I have two kinds of coin. Four of the first and eight 
of the second give me ^1, Eight of the first and four of the second give me i6s. 
What are the coins? 

Let the value of the first coin be x. Let the value of the second coin be_y. Our ■ 
equations are : 

(1) /|Ar + ^ = 20 

(2) 8 x + 4j>= 16 

We could eliminate ji by subtraction if we had %i> in the second equation. We 
can get this by multiplying doiA sides of the second equation by 2. 

(1) 4* + ^ = 20 

(2) i6x 4 - ^ = 32- 
— isx= — 12 

.•. x = i 


Now substitute in (i) : 

4,1 -[-^ = 20 ^ = 20 — 4=16 

16 

.-. J' = -8-= 2 

Answer: is. and as. 

Here is another favourite type of puzzle. A man is 6 times as old as his son 
this year. Next year he will be 7 times as old as his son was last year. Find their 
ages. 

Let f =s age of father ; j = age of son. 

Then / = fir and /+ i = 7 (j — i) 
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Before we can eliminate and substitute we must arrange these more conveniently: 

/— 6r = 0 

/+ I - 7(-f - 0 == 0 

/+ r-7f+7 = o 

So our pair of equations is : 

f —6s = 0 
/_7j=-8 
+j= + 8 (hy sublraction) 

/= 48 (hy substitution) 

Some equations may involve fractions. Here is an old Greek problem from 
Maurice Kraitchik’s entertaining book Mathematical Recreations. 

A: “I have what B has and the third of what C has.” 

B : "1 have what 0 has and the third of what A has.” 

C : “And I have ten minae and the third of what B has.” 

How many minae did each have? The fact that you may not know what minae 
cire does not matter. 

Let a stand for A’s share; b stand for B’s share; e stand for C’s share. 

C j) 

3 3 3 

We can start by eliminating c. To do this put (10 -j- in place of c in the first 
two equations and simplify : ' 3/ 

(l) 0=J+i(,0 + ^ 

(5) J_(.o + i)+? 

' 3/3 

Now we can 'write : 

(i)n=6 + ~+- 

, 3 9 
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Miiltiply by 9 to remove fractions : 

m 

ga = 9^ + 30 4- ^ 

9a — 106 = 30 

Next treat equation (a) in the same way : 

3^ = 30 4- i + a 
... — a + ai = 30 

Now put the two equations together : 

• (0 9a “ 10^ = 30 

(a) — a + ai = 30 

Multiply (a) by 5: 

(1) go — 106 = 30 
(a) — 50 4- loA = 150 


Add the two equations. The 106s drop out, i.e. : 


Substitute in (a) : 


Also from (3) : 


4a = 180 
«= 45 


— a 4- afi = 30 

- 45 4- ai = 30 

at = 30 4- 45 =75 



tf = 10 4- - = 10 4- 
3 


37 ^ 

3 


= 10 4 -^ = aaj- 


Answer: A had 45 minae; B had 37^ minae; O Had aa^ minae. 
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Ex. 9.51. Easy Simultaneous Equations 
Solve the following equations by algebra. 

I. [ a ) 4 JC + 3 J= 24 

3 *+ 3 ^= 2^ 

(c) yx +y = 14 
5^+J'= 12 

* a. (ffl) ion + 4fn = 7a 

Sn + 8jn = 54 
(c) lan + m — 34 
aon + 3m= yo 

3. (a) 6jS - 3(7 = 36 

i3/> + y = 44 
(c) - 8/1 - 7ff = 9 
— 6 ^ -f- 10^ = — 4® 

4. (a) 5tt -f 30 = 10 

6« + 4P — o 
(c) — 4ii + 50 = — 120 
8a — yv = o 

5. (a) 8r — loj == 40 

— Sr + aJ = — 25 
(c) — 6r — Gj s=s 6 
^ 151 + 5s = — 5 


Check your an.swers by graph, 
(fi) 6x + iqy = 40 
x+ roy= 15 
{d) I2X + xjyi = 24 
X + I 2 j;= 13 

{b) 4n + 2»i == 4a 
n + 4^1 = a8 
{d) 4n + Cm = no 
3 « 4 - 2OT == 45 
{b) 3/» — 6f = - 42 
lop + = 10 

{d) — 10/) + 4<7 = — 10 

— + 6? = — 45 
{b) 4« 4 - w == o 

— 6tf — 2n = — 30 
(d) 7u — 30 = o 

— i4« 4 6» == o 
(A) lar + loj = 100 

— 3 »‘ — SJ = — 30 
{d) yr — 6 s = o 

6r — ys = o 


Ex. 9.52. Harder Simultaneous Eqjuations 
Solve these by graph. Check your answers by algebra. 


1. 2 ( 3 ^- 4 ) = 5(410- 14) 

43) = 9(5» — 14) 

2. 4(10^ — 3) = 7(510 — q6) 

8(3« 4 8) = ii(zo 4 3) 

3- 5(5«— 13) = -3(2*" — 9) 

~ 7(4« — 16) = — 8 {w — 14) 


7. is[h 4 A) = 8(4A — k) 
a(iok — a) == — 4(10 — nk) 

8. — 2(3/1 — loA) = 6(5/: — k) 
7(30 4 A) = 5(7 — loA) 

3/ 

9 - — 4 4fi 4 I = i 3 g 


4. — 2(4^4 4) = -8(810— 10) 5/ I I 1 _ 2og 

io(— lo^: — 10) == — 20(510 45) 5 “T /S “T Y g 


5. 8(aA 4 5ft) = 4fA 4 4fc) 30/ i5g I 

2(3^ 40) = 4(3^ 4 10) *7 14 7 ^ 

6. i2(6h — 3/:) = _ 6(3A 4 6A) — aqf 50^ 5 _ — Jqf 

7(5^43) = -3(4* -3) II ”^33 22 66 
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Ex. 9.53. Simultaneous Equations including Three Variables 

Solve the following algebraically. Check by substitution. (You cannot use the 
graphical method with three variables.) 


5J{ + + 2 _ 2x + j 

8 . - 32 
_ x ~ y ~ 12 
16 10 

g 3 X+ ii;g + 37 

■ , II 7 

loo(^-i) = 10 - - 
3 3 

3. 6j + 3*= 12 
^54 + 4/= 22 

3/+ 2 j= II 

4. iofl+ iii + 12 = I 
gb 10c -{■ 11 = 12 
8c + ga + 10 = 18 


5 . I0K + ZI + ^=:3 

, , u 2001 

lOD 4- a> H — = 

10 100 

I I I* 501 

lOa; + M H — = — 
10 5 


6. 6^) + 3g = sr + 15 
r+ 3^ = 6^+30 
y+3J'= 12^ + 5 


7. ®^(H + l) = W+i 

-(L + W) = i- — 

n ^ II 

V + H) = 8L-i 

5 

8. ^ + !Y_ 3 ? = 6 

532 

X Y Z 

= 0 

2 2 2 

X Y Z 

9. -^E4-5k = 5'+4 

|e + 1k = 5 ? 


8 


20 


14 


10 , 


E , K 0 

6+-=^-3 

re^A±l±3 = 

3 

4(8A 4 ~ 4 ® ” 1 “ 2C) I 

41 ^ 2 

2(2A+ SB-}- loC) _ I 
25 4 
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Graphs of Quadratics 

§ I. LINEAR AND QUADRATIC FUNCTIONS 
The graphs of Chapters 8 and 9 were all straight-line graphs. They had the 
same shape, differing only with respect to position and slope. In this chapter we 
shall study a family of functions represented in graphical form by the same 
characteristic type of curved line, called a PARABOLA. In contradistinction to 
linear functions, which we have studied in the two preceding chapters, we call 
• this family the quadratic functions. Just as we can have linear functions (i.e. 
Arithmetic Progressions) which grow by jumps, and linear functions which grow 
continuously, we can also have quadratic functions of either type. The linear 
function is one which involves only iht first power of the independent variable 
which we represent by «,.if it must be a whole number, or by x if it can 
grow by any increment, however small. We shall start by comparing linear 
and quadratic functions of the discontinuous type. The general formula of the 
linear function is then : 

F„ = Fq + 

Here F„ is the «th term after the initial {oth) one. This formula contains two 
fixed numbers characteristic of the particular linear function {Arithmetical Series) 
for which it stands. Such a fixed number is called a constant. The constant Fg is 
the numerical value of the initial term and d is the numerical value of the 
common difference. We can visualize a discontinuous numerical function by a 
hollow pattern as shown on pp. loo-i (Book I) or by the equal-step histogram of, 
p. 168, Chapter 8. The latter has the advantage of bringing two characteristics 
of arithmetic series into sharp relief: * 

(fl) values of F„ may be either negative or positive, negative values being repre- 
sented by columns below, positive values by columns above the base line ; 

[b) successive terms differ by equal steps. 

The linear function has two constants and ' contains only the first power of n, 
The constants may have any whole-number values. If Fj = 0 and d= i, the 
series so defined is the series of natural numbers. If Fg = 0 and .d = 8 we have 
'the even numbers. If Fg = — j and d— a, we get the odd numbers. Most of the 
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formulae of Book I refer to series which contain the second power of n, i.e. b®. 
They are then quadratic functions, if they contain no higher power; The general 
formula of a quadratic function contains 3 constants, and is : 

= Fo + an + in® 

When Fo = o = a and b= i, we have the squares of Chart 3, i.e.: 

When Fo =‘ 0 and a = J = A, we have the triangular number series : 

Th = + Jn® = \n{n + i) 

Ex. 10. II 

Write down the values of the constants Fp, a and b for : 

1. The pentagonal numbers of Chart 21. 

2. The hexagonal numbers of Chart 21. 

3. The stellate numbers of Chart 23, 

« >l< s|c ‘ id ,|c 

Chart 59 shows the histogram of (the squares of the natural numbers). In 
accordance with the law of signs (— n)(— «) = n® = (+ b) (+ n). Hence we can 
make a table like this : 

n - • • — 5 ) ■■■ 4 ) ~ 3 j ~ 2, — I, 0, + I, + 2, + 3, + 4 > + 5 • • • 

• ‘ < 25j 16, 9, 4 j 4> 9> 25 • • . 

Our histogram brings out two differences between linear and quadratic func- 
tions : 

(a) all values of a quadratic function lie above a base-line and are thus . 
positive, 

(b) a quadratic function grows by increasing steps. 

If we make a difference table showing the steps (AO „) by which Q,„ increases, 
the steps by which AQ,„ increases and so on, it looks like this : 

Q,„ . ... 35 16 9 4 I 0 I 4 9 16 . . . 

Ftrj/ difference CAQ.») ... —9—7—5 —3 —1 ^ 3 5. 7 

Second difference (A®Qj,) .. “|- 2 -|-a-}- 2 -l- 24 ' 3 + 2 + 2 -t -2 

Third difference (A®Qj,) . . 0000000 


t • 9 
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If you rnaTri» a uew histogram of the steps, as in Chart 64, you will see that the 
first differences form an arithmetic series, or linear function. Consequently, the 
second differences are constant like the steps of a linear function and the third 
ones vanish. This is true of any quadratic function. 

Ex. 10.12 

Construct numerical series from « = — 5 to « = + 5 for the following 
■quadratic functions. Make histograms based thereon, and construct a difference 
table like the above for each. Choose a vertical scale suitable to each. 

1. F„ = 5 «®- 3 - F„=»in(n+i). 

2. F* = n(« + 2). 4. Frt = (n 4 - i)(« + 3). 

5. F„= (n+ io)(w- 10). 

4; >ie 9i! >i< Sc 

Having satisfied yourself that all these quadratic functions increase by steps 
which make up an arithmetic series, you can also satisfy yourself that this is 
necessarily so. By the definition given above : 

F„ = Fo + an + 

- F„+i = Fq + + i) + H- i)* 

= Fq + (fl + A) + (a + 2 A)b + 

^n+i ~ = (a 4- ^) + ^bn 

Since a and b are both constants we can replace this sum by another constant C^, 
and since d is a constant 2 A is also a constant, which we can write as Cj, so that 

~ ^(1 = + CgB 

This has 2 constants and no power of n higher than the first. In other words, 
the formula for the difference between successive terms of any quadratic function 
is the formula of an A.P. We can thus make a third distinction between a linear 
and quadratic function, namely : linear functions increase by equal steps and quadratic 
functions increase by steps which make up an A.P., i.e. themselves increase by equal steps. 
* In the notation of the table on p. 203 we can define a linear equation thus : 

Ai.i?,= C; A*F„=o 

For a quadratic function the corresponding difference equations are : 

A»F„=Ci + Can; AaF„=Cg; A»F„ = 0 
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§ 2. TPIE PARABOLA 

If we join the mid’^points of the top ends of the columns of our equal-step 
histogram for an A.P.j we get a straight line. If we join the mid-points of the 
top ends of the columns of our quadratic histogram of Chart 59 we get a succession 
of straight lines, each more steep than its successor, if to the left of the zero 
mark, and more steep than its predecessor, if to the right of it. Joining the mid- 
points in this way takes no cog^nisance of what happens when the independent 
variable is not a whole number ; and when we pass from the histogram of Chart 59 
to the graphs of Charts 60-61, we are no longer concerned with whole numbers 
alone. A graph represents a continuous function. That is to say, the independent 
variable may have any value between consecutive whole numbers. Thus we 
might plot the following points : 

X •••' ^9 3 , 2J3 3 • • • • 

.... (l)^ (o^ ( 2 )^ (3)*^ ... 

i,$B k I, 2J, 4) 9 ' • • ‘ 

We can go on filling in the intervening gaps as long as we like. In this way we 
get a series of points which merge indistinguishably into the curved outline of 
Chart 60. As an exercise, draw the graph of Chart 60, filling in the above points. 
Take 2 squared-paper units (s.p,u,) as your unit for x and_)>. Then each whole 
number is a multiple of 2 s.p.u. Each ^ value is i s.p.u. and each J is ^ s.p.u. 
You can judge the ^ s.p.u, by eye. 

Plotting straight lines is very simple. Plotting curves is tricky. This is due not so much to the 
difficulty of joining points by a smooth curve as to the difficulty of accurately plotting the points. 
The beginner is apt to get lost in a maV>c of squares, scales, units, decimals, etc., and this takes 
most of the fun out of graph-drawing. The mistake lies in using graph-paper which is too fine. 
Paper ruled in millimetres or -^th inch squares is very useful for exact scientific work but very 
bewildering at an elementary stage. It is also bad for the eyes. The ideal paper is that used 
widely on the Continent, ruled in ^ cm. squares, with ho finer divisions and no thicker lines. 
The J-inch squared paper commoifiy used for junior arithmetic books in this country is also 
quite suitable. A fairly convenient size can also be obtained by ruling vertically down an ordinary 
ruled page. Here the lines are usually about inch. With all these it is easy to judge the half- 
and quarter-values, which arc fine enough for most purposes. Unless we state otherwise we shall 
assume that one of the above s'zes is being used. All sub-divisions can be made by eye. The 
ruHngs on our charts arc settled by printing requirements and are not necessarily the same 
throughout the book. 

We have seen (p. i88) that the coefficient m in the linear function inx+ c 
measures the steepness of the line, if we keep to the same scale for x and y 
measurements. We can make the line more steep or otherwise by changing the 
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scale of either. The following exercise will help you to see the meaning of the 
constant m, and its relation to the scale used, in the quadratic 

y = mx® 

Ex. lO.ai. Effect of Scale 

Plot the graphs of the following functions, each twice over, using the two 
^scales shown. Take x-unit as i s.p.u. throughout. 


I. = ax®. 

Scale r. 
Scale 2. 

1 j)-unit = I s.p.u. 

I j-unit = J s.p.u. 

2. J' = ix®. 

Scale I. 
Scale 2. 

I j-unit = I s.p.u. 
i_j»-unit = 4 s.p.u. 

3 . 

Scale I. 
Scale 2. 

i_ji-unit == I s.p.u; 

I j-unit = ^ s.p’.u. 

4. > = ix®. 

Scale I'. 
Scale 2, 

I j-unit = I s.p.u. 

I j-unit = 5 s.p.u. 

5. ^ = iox\ 

Scale I. 
Scale 2. 

ij|)-unit = I s.p.u. 

I ji-unit = s.p.u. 


From the last exercise you will have realized that we have been dealing with 
what is really one and the same curve throughout but the coefficient of has 
the effect of elongating it or flattening it. By a change 'of scale we can always 
restore it to the original shape of Chart 6i. Let us now examine another set of 
quadratics (Chart 6a), introducing a second constant, i.e. ; ’ 

y = mx® + e 

Ex. lO.aa 

With scales (e) i j-unit = i s.p.u. ; (A) i _y-unit = J s.p.u. draw the following : 

\ I. j = 8 X^- 3 . 3 . y= 2 x^+ 1 . 

2. y= ax® I. 4 . J = aAf® -f 2. 

With scales (a) as before; (b) i j-unit = 4 s.p.u. ; 

' 5. _)» = _ 4. 7- J' = i*® + I. 

6. = Jx® - I. * B. y= Jx® + 3. 

The last set of examples shows that the addition of a second constant c does 
not affect the^ shape of the curve, but only its position relative to the _y-axis. 
With appropriate use of scale, the same parabola^ s=s x® drawn with 1 s.p.^unit 



Algebra by Visual Aids 207 

on both thej|)-scale and the *-scale therefore serves for any quadratic of the type 
y s= mx^ -H c, if we apply the following rules : 

(fl) choose the x- andji-units so that i s.p.u. is i *-unit and i s.p.u. is mj-units; 
(i) place the standard curve on the grid so that it cuts thej»-axis symmetrically 
at the point y=c. If c carries a minus sign this means that it cuts the 
_j)-axis c_)i-units below the base-line. 

We can thus graph a large number of quadratic functions by placing one and 
the same standard parabola {y =* x^) on our grid with due regard to these two 
rules. It is therefore convenient to have a steneil for the purpose like Chart '61. 
l yfglfft one for yourself as follows : 

Rule and j>-axes on squared paper, putting the *-axis near the bottom 
of the page. Take 2 s.p.u. as unit for both x and Graduate jc-axis from 
— 4 to -1- 4 and j»-axis from 0 to 20. Plot the following points : 

X o ±i ±3 ±3i ±4 

y 0 i I 2 i 4 9 i2i 16 

Mark each with a fine pencil-point and join up to form as smooth a curve 
as possible. Now paste the squared paper on a piece of moderately stiff 
cardboard. Cut along the curve and straight across the top at j) = 16, with 
a razor-blade or sharp penknife. You now have a parabolic stencil. 

The quadratic function of Ex. 10.22 had 2 constants. The general quadratic 
function has three. Its equation has the form : 

* y == mx® +px-\‘ c 

As an example plot the following of which m = J, p = — 8 and c = + 20 : 

y=x^ — 8 x-\- 20 

To do so, it is necessary to make a table such as the following, and to draw a 
smooth curve through the corresponding values for x and y : 


X 

0 

I 

2 

3 

4 

5 

6 . 

7 

X* 

0 

I 

4 

9 

16 

25 

36 

49 

- 8x 

0 

-8 

- i 6 

— 24 

- 32 

— 40 

— 48 - 

■ 56 

+ 20 

30 

so 

20 

20 

20 

20 

20 

20 


30 

13 

8 

5 

4 

5 

8 * 

13 



sa8 


Algebra hy Visual Aids 


If you place youi parabolic stencil on the curve so obtained, you will find that 
it fits. The only result of adding a term of the general type px is that it displaces 
the origin with reference to the Avaxis. You will get more light on this by 
studying the family of parabolas in Chart 62. By substitution, verify that each 
equation satisfies one or two points on each curve. The curve (C) pas.ses through 
the points 5. So substitute these values in the equation ; 


You then get: 


jv - 4 = (* - 4) ® 


5-4 = (3-4)2= - = I 


Now study the family equation : 

y — e = ix — d)^ 

- You then see that: 

(a) the constant e measures the distance of the vertex (lowest point) of the 
parabola from the *-axis and along thej»-axis; 

[b) the constant d measures its distance from the_y-axis and along the x-axis. 
Thus tlie effect of putting in tht constants e and d is simply to shift the origin . 
of the standard parabola which answers for the equation j x^ hy s. horizontal 
distance d and a vertical distance e. Now multiply out. You then get, instead of 
the above: 

y—e = x^~ idx + d® 

= x® — 2dx + d® + « 

Since d and e are constants we can replace — 2d by another fixed number p and 
(d® + e) by another fixed number c, so that : 

y = x^ px + c 

This is the equation of the general quadratic. Thus the parabola stencil will do 
the work of plotting the curve of any quadratic, when you have reduced it to 
the form given above. We need not make a table like the one just given for : 

J == X® — 8x + 20 

Instead of doing so, we first express the right-hand side as a perfect square (see 
Book I, Ch. 7). To do this we must add the square of half the coefficient of x. 
viz. (D®, i.e. 16. 

^ + r6 = (x® - 8x -h 16) + 20 

Transpose the 20 and express the right-hand side as a square ; 

j._4= (*-4)» 
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Then « = 4 and = 4. Thus the new origin (where the y- and x-axes cross) is 
at the point (4, 4) and we plot our parabola from there. We call this process : 
locating the vertex. 

Ex. 10.23. Change of Obigin 

Plot the parabola y = x^ with the following points for origin and write the 
new equation for each, in both the familiar and the disguised form: 

I. (+ 2, + a) 3. (- 3, + 5) 

8- (+ 1, - 3) 4- (- 8. - i) 

5. (o, - 6) 

Ex. 10,24. Locatino the Vertex 

Change the following equations to the familiar form and so locate the vertex. 
Then plot the graph. 

1. _j» = * 2 — 8x+ 17 3. = — 5 

2. = x® + 12* + 34 4. j) = *® + 6* + 9 

5. — 4* — 2 

sH sM 


§ 3. THE GENERAL QUADRATIC 
We can write the general quadratic equation : 

y = ax^ ^ + c 

where a, 6, c can have any numerical values. We then locate the vertex as follows : 


I. Divide through by a\ 


V be 

a a a 


2. Add the square of half the coefficient of x to both sides : 

a \2fl/ a \2fl/ a 

" a ^ 4fl® a \ ^ 2a/ 


a 


4a 

— /yac 
4a* 




Book Two 


O 
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If we put aY = j» we have : 


— 4flC 




Now if Y = I s.p.u.j = a s.p.u. So this is equivalent to making i s.p.u. on the 
vK-axis equivalent to a s.p.u. on a new_^-scale. We can now put : 


A® — 4ac 


= _E; -rf 

2fl 


Y-E=(x-rf)® 

We can now piot with the stencil forj’ = equations like this one: 

J'= 3**- 5*- 7 

To do so, we have to change both scale and origin, 

(fl) iScfl/g. Adopt a new scale Y on which the units are such that 3Y = ji, and 
make the x-units equal to the Y-units. Draw both the and the Y-scales side by- 
side as in Chart 63. Now we have : 

3Y = 3*2 - 5* - 7 

'Divide through by 3. 

Y = X® - ^jc - ? 

3 3 

Notice carefully what the substitution 3Y =ji means, because we shall often 
have to rely on this trick. To say that 3Y is equivalent to_}> means that 3 units 
on thej)-scale is equivalent to i unit on the new Y-scale. That is to say the unit 
on the Y-scale is 3 times as great as the unit on the old scale. More generally, if 
y =s bY, we may say that i s.p.u, on the Y-scale corresponds to n s.p.u. on the 
.y-scale, or that the value of i s.p.u. on the Y-scale is equivalent to n s.p.u. on 
the^-scale. 

(A) Origin, Complete the square as in § 2. 
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2II 


Comparing this with 

y ^ dy 

we see that the new origin is at 

where E = Y-co-ordinate of vertex. The j>-co-ordmate is « = 3E (since Y-unit 
.= 3 X jt-unit). 

f = 


Thus position of vertex in ^co-ordinates 


“■ (1 - 9*)- 


Place vertex of stencil at this point and draw the graph. See Chart 63. 

With a little practice you will find this method quicker and more accurate 
than plotting a set of points. 


Ex. 10.31. Plotting General Quadratios 

Plot the following quadratics by changing scale and origin and using the 
stencil. 

I- 5 *® - 3 * — 2 3- 2*® + 9* — 5 

2. 2x® ’JX+ ^ 4. 4 *® — lor + 4 

5. 10*® — 9* + 2 

Solution of Quadratic Equations 

You have now learnt two ways of plotting a quadratic. One way is to make a 
table as on p. 207. The other is to use the parabolic stencil. The rules for its use 
are; 


1. Calculate Y, d, e. 

2. Mark out x- and Y-scales. 

3. Draw parabola with stencil; and insert in the proper position, i.e. with the 
vertex ^.tx=d,y = e. 

Of what use is the stencil method? In Chapter 9 we used graphs for solving 
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equations. We can do the same here. We learnt in Book I how to solve quadratic 
equations algebraically, if the equation is : 

0 = ax^ bx c 

The formula for the solution is : 

— i ± — 4ac 

X == 

sa 

The formula method is the most accurate and probably the quicker, but the 
graphical method is useful and important. With higher equations it may be all- 
important. It can be carried out for quadratics either with or without the stencil. 

In Chapter 9 we saw that the solution of an equation amounts to finding the 
intersection of the graph of the equation with the line ^ = o, i.e. the 4;-axis. We 
notice at once that there must be two solutions since the parabola cuts the x-axis 
twice. For example, in Chart 63 the points of intersection are approximately 
a *6 and — 0*9. These are therefore the solutions — or roots as we call them — of 
the quadratic 0 = 3*® — 5X — 7. 

It is always useful to be able to check results. We can use the formula to check 
the graphical result or vice versa. Thus : 

* = + 5±'V^25 + 4- 7- 3 ^ 5 + 

2.3 ”6 

or 

5 — 10*44. 

g = — o-gi (approximately). 

can read off the solutions for our family of parabolas in Chart 6a. Graphs 
C do not cut the *-axis at all. Corresponding to =s o, these three quad- 
have no roots within our present meaning of the word. TWs means we must 
up some new algebraic rules if we want to find roots for them. Graphs 
F touch the x-axis at one point only. Thus : 

y= (a: -b 4) ® has a single root x = — 4 
y = x^ has a single root x = 0 

^ = (x — 4) ® has a single root x — + 4 


We 
A, B, 
ratics 
think 
D,E, 
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Graphs G, H, I have these roots : 

^ + 4 = (* + 4)® has x = — 6 and — 2 
+ 4 = has * = — a and -[- 2 

+ 4 = (* — 4)® has * = + 2 and + 6 

Ex. 10.32. Solution of Quadratics by Stencil Method 

From the graphs which you drew in Ex. 10.31 read off the roots of the equa- 
tions correspon^ng to y = o. Check by formula. 

To Test for Real Roots 

We have seen that -t- 49 is equivalent either to -[- 7® or to — 7®. We call + 7 
and — 7 the two real roots of 49. A negative number such as — 49 has no real 
roots. It is useful to find out in advance whether an equation has any real roots. 
This depends on the quantity 

Vfi® — 4®® 

in the formula. If 6® — 4flc is negative we cannot express its square root by 
means of any numbers of the type we have used hitherto. We then say that the 
quadratic has no real roots, e.g. : 

J = 4 ^® — 6 a? 4 - 5 

Here a = 4 b = — 6 ^ = 5 

.'. A® 4flc = 36 — 80 = — 44 
V— 44 is imaginary. 

Thus the equation has no real roots. This is not the end of the story but the 
beginning of another story, and a very intriguing one which we shall teU later. 

Ex. 10.33. Further Quadratios 

Test the following for real roots by formula. Plot graphs by stencil. Where 
roots are real find them from the graph. Check by formula. 

1. _>» = 8*® — aA? - 1 - 3 6. j = A?® — 6* 4 - 10 

2. j)» = A?® 4 - 5A? -i- 7 1 - y = 36*® + 24* — 5 

3. = 90A?® 4 - 33 ^+ 34 8. j) = 4*® 4- 4 a: - 7 

4. j) = 4*® 4- aoA? 4-15 9 - y= 144*® — 72 « — 7 

5. = 25*® 4- lOAf — 8 10. j = aA?® — 4A^ 4" 5 



21 ^ Algebra by Visual Aids 

§ 4. *PLOTTlNG BY DIFFERENCES 

In the following table based on the function y = the symbol stands 
for the result of subtracting the y term to the left from the y term to the right 
immediately above, and the symbol A* stands for the result of subtracting the 
corresponding A^ term on the left from that of the right. Thus A^ shows the 
steps by which increases for equal steps (j^) of x, and A® the steps by which 
A® increases simultaneously. 

* 0 I I a ai 

y o' i i 3^ 4 ^ 

i I i If 
A® f f I f 

Chart 64 represents the above table. The_y values are in blue. The At values 
are in yellow. The A* values arc shown in red. The blue _y-lines go up by steadily 
increasing steps. These- steps themselves, the yellow A^ lines, as shown in the 
upper figure, go up by equal steps. The equal steps are the red A® lines. 

If we are given the red A® line and any one of the yellow At lines we can 
quickly find all the others. Then knowing the At lines we can, given a blue 
starting-line,, find all the other blue lines and so plot our parabola. 

To find one red line wc need to know two yellow ones. To find two yellow 
lines we need to know three blue ones. Therefore if we know three values of y 
we can obtain all the other values. This gives us a very quick way for plotting 
a parabola and it does not depend on altering scale or origin. And as you see it 
can be used for fractional values of x. We might want to plot very accurately, 
say, every ^th unit.' Here is the calculation ; 



0 ' i?(r 

A 


**: 

0 jho 

xftr 

(blue) 

Ai: 

ihs 


(yellow) 

A®: 

T§(r 


(red) 


We can now form the A^ series : 

100 iBo 106' 100 100 • • • 

Starting from the o-value for, *® we then form the y series : 

riff ifiT • • • 


0 
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Although both the above examples are based on the equation y = we 
could plot any other equation by the same method, e.g. : 

= 3*a _ 4 a; — 6 

We need not start from x= 0. Let us start from x = — 2, and take intervals of 

x= — 2.- j = 3.4 + 4.a — 6 
= 12 + 8 — 6 = 14 

* = — if = — § 

J* = 3 • + 4 ■ I - 6 

243+ 180- 150 _ 273 
«5 25 

a; = - if f 

= 3 • If + 4 • f - 6 
_ 192 + 160 — 150 _ 202 
25 


Take as unit for^ and ^ for x. We then form our 

difference table : 

* (fths) 

— 10 

- 9 

- 8 

y (A-ths) 

350 

273 

202 

Ai 


-77 - 

71 

A® 


6 . 


Thus our Ai series is : 




- 77 

- 71 

-65 - 

-59 - 53 • 

And our series is : 




350 273 

202 

137 78 

25 • • • 


We then mark our x-axis out in f ths and our j»-axis in -^ths and plot as many 
points as we wish. Do this as an exercise. 

If we use the graphical method of Chart 64 we do not actually need to obtain 
the y series of values. When we have calculated three values we can draw the 
X, Ai graph. By use of a pair of dividers we can then transfer the values to the 
X, y graph. Thus we can plot a parabola from only tfrree calculations, the rest 
of the work being purely graphical. 

Generally it is best to begin with x = 0 and plot in both directions. To find 
the vertex, notice that the first differences decrease as you approach the vertex 
and then increase as you move away from it. 
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Ex. 10.41. Plottino by Differences 

Draw graphs similar to Chart 64 of the following quadratics, starting with the 
3 values shown. Plot 10 points for each parabola. 


1. y~ 3 ** 

2. = 2*® — 4 

3. =: 5*2 — 2* + I 

4. _JI = 4^(2 + 6x — 10 

5 » j = i*® — x + I 


X—0, I, 2 
x=o, i, 1 
x = o, 

x = -h - 1, “ i- 

= 0, 2i 5 


Ex. 10.42. More Plotting Practioe 

Locate the vertex for each of the parabolas whose equations are given in 
Ex. 10.33. Then starting from x= d, find y for x = d, x = d -f-Tj x = d + zf, 
whcre/has suitaible values which you can choose for yourself, whole or fractional. 
Your aim is to plot a fairly well-rounded parabola for each. Choose a suitable 
scale-ratio, generally either 5, 10 or 50. Find A® and the y series. Then plot. 


§ 5.* GEOMETRICAL REPRESENTATION OF QUADRATICS 

A histogram can show us how a discontinuous function, a graph how a con- 
tinuous quadratic function grows. By means of a figurate, as in Book I, we can 
also visualize the build-up of a particular numerical value of any discontinuous 
quadratic function. Such numerical values being based on the number of dots 
in the figure are integers. If we want to represent the build-up of a particular 
value of a continuous quadratic function, we have to use bricks of a different 
sort. Rows of dots can stand for whole numbers only; but lines can stand for 
measurements which need not tally with an exact number of divisions on a 
yardstick. So we shall now visualize the continuous quadratic function by means 
of lines as in Chart 65. 

The geometrical figure which represents a quadratic function which is not 
itself a perfect square is the difference between two superimposed squares. In the chart, 
the function is *® -j- 10* — 39. Now *® + lo.* -1- 25 is a perfect square, i.e. 
{x + 5)^- We can therefore^ write our function in the form: 

.*® + 10* + 25 — 39 — 25 = (*s 10* -}- 25) — 64 

\ =(* + 5 )*- 8® 

This is the principle underlying the solution of the equation : 

*® -h 10J( — 39 0 
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A name for the operation explained on p. 152 in Chapter 7 (Book I) is the 
method of solution by completion of the square. It dates back to the time before 
algebraic symbolism came into use, when all calculations had to be done by some 
visual method, geometrical or figurate. 

Ex. 10.51 

Draw diagrams like the one in Chart 65 for : 

1. + 45. 2. 27. 

3. a;®+ioa:— 56. 4. x®H-7*— i2f. 

5. X® + 3^: - 40. 

The two factors of the quadratic of Chart 65 + lox — 39) are [x + 13) 

and {x — 3). Thus the equation x^ + \ox = 39 has two roots •. x~ — and 
* = 3. The chart shows us the clue to one answer. If jc® + to* — 39 = o ; 

(*+ 5)® — 8®= 0 

••• 

*+ 5=8 
* = 3 

How can we visualize the alternate solution? We can do so, if we apply a trick 
on which we rely when we use a grid to plot a graph. A negative sign in front 
of a number gives it direction. Let us therefore make the same construction on the 
background of a grid, treating measurements upwards or to the right of the origin 
as positive, and measurements downwards or to the left as negative. Now the law 
of signs is : 

(+) X (+) s (+) (+) X (-) - (-) 

(-) X (+) ^ (-) (-) X (-) - {+) 

Since the area of an oblong (square or rectangle) is the product of its length 
and breadth, the use of this convention means that we have to give: 

[a) di positive sign to areas in the right top quadrant {plus X plus) or left bottom 
quadrant {minus X minus) ; 

{b) a negative sign to areas in the left top {plus X minus) or right bottom 
{minus X plus) quadrant. 

Chart 66 shows positive measurements {upwards and rightwards) in red, and 
negative measurements {downwards and leftwards) in blue* Areas bounded by 
two adjacent blue or two adjacent red lines are therefore positive, and areas 
bounded by adjacent lines of different colours are negative. 
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Ex. 10.52. Positive and Negative Areas 
Draw rectangles as in Chart 66 to represent the following areas. Write the 
value of the net area over each rectangle. 

(+ 4) X (+ 6) 3 - (+ 3) X (- 5) 

3. (- 2) X (+ 4) 4 - (- 5) X (- 5) 

5 - (+ 3 ~ 4) X (— 2) 6. (+ 3) X (+ 5 — 4) 

7. (+ 3 — i) X (+ I — 3) 8. (+ 2 — 2) X ( 4 - 4 — 4) 

9. ( 4 - 4 - 2) X (+ 2 - 4) 10. (43 - 3) X ( 4 - 3 - 3) 

Chart 65 is not a graph. It does not show how the function ** 4 - lo* — 39 
grows by ochibiting the successive values it has as x increases or gets smaller. It 
is merely an adaptation of the grid method to visualize negative as well as positive 
values of x. When the value of the quadratic is zero, * must be 3 if * is 
positive; but x need not be positive. The value of the quadratic is zero if 
x= — 13, Chart 67 shows you how it is possible to visualize the same quadratic 
as the difference between two squares, when x is negative. With due regard to 
signst the areas which represent + 10 -1- 25) add up to 64, when ;c = 3 and 
when * = — 13. 

Ex. 10.53. Geometric Representation of Qpadratics 

1. Take the quadratic ^* 4 - ioa? 4 - 25 and give x all the even-number values 
from — 16 to -1- 10. The values go in pairs, e.g. Xi = — 12 md atj == -|- 2, 
both give us (* + 5) ® = 49. Draw an area diagram for each pair as in 
Chart 67. Then plot the parabola for the whole set of values. 

2. Draw area diagrams for the double solutions of the equations in Ex. 10.51. 

§ 6.* FIGURATE FUNCTIONS 

This chapter began with an examination of the histogram for Q,„ = »®, and 
of the graph for the corresponding continuous function j = x^. Chart 68 shows 
the histogram for the triangular numbers : 

1, 3, 6, 10, 15 

The general formula is T„ = \n{ri 4 i) and the corresponding continuous 
quadratic function is : 

y = ixix + i) 

= + i* -h 0 . 
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This is of the general type y = ax^ bx + c, in which a = ^ = b and c == b. 
Chart 68 shows that the limiting line bounding the histogram T, is a parabola. 

Ex. 10.61. The Triangular Function 

1. Draw the histogram for T„ for both positive and negative values of n, first 
using equal scales for x andy, then using ay scale whose unit is ^ s.p.u. 
In the latter plot as far as « = ± 15. 

2. Draw graphs for the values in question i, using the same scales. 

3. Read off the position of the vertex. 

4. What are the two solutions of the equation _)» = Jx® + 

5. Draw area diagrams for the values T_ j to T3. 

Ex. 10.62. Other Fiourate Histograms and Graphs 

This is a rather elaborate revision exercise. Take the general formula : 

F« = I + (r - i)(« - i) + (f - 2)T„ a 

This is the formula for plane figurate numbers, with s sides and rank n, which 
we studied in Book I. Give s the values 3, 4, 5, 6 and you will obtain the for- 
mulae for the triangular, square, pentagonal and hexagonal numbers of type A. 

1. Calculate the values of each for « = i, 2, 3* Make a difference table and 
so continue the series up to n = 8 and back to n = — 8. 

2. Draw the four histograms for these series, taking 2 s.p.u. for your n unit 
and J s.p.u. for your F unit. 

3. Now express these as continuous functions, replacing » by ;i; and F by 
They are all quadratics. Use the graphical method of Chart 60 to plot the 
parabolas for these functions. 

4. Draw area diagrams for each quadratic for even values of x frpm — 4 to 

+ 4. 

5. Now repeat the whole process for the central figurate numbers whose 
♦ general formula is : 

Mn = I + -y • T„_i 

§ 7. MIXED SIMULTANEOUS EQJJATIONS 

You learnt in the last chapter how to solve two linear equations simultaneously^ 
i.e. how to find a value for (;v, y) which satisfied both equations. The same 
general method applies if one or other or both of the equations is a quadratic. 
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The roots of the two equations are the co-ordinates of the points where their 
graphs intersect. 

We shall consider a simple case first : i.e. how to solve simultaneously the two 
equations : , 

(i) y~ and (3) ^ = at 

(i) is a quadratic and (2) is a linear equation. What are the values of x and j» 
which satisfy both equations? We draw the two graphs (Chart 69). They intersect 
at two points : 

(at = o, jv = 0) and (a' = -f i, j = -|- r) 

These values satisfy both equations. They are therefore the simultaneous roots. 

You can learn quite a lot from this single example. If you put a straight edge 
across the parabola in Chart 69 in as many positions as you like, you will see 
that a straight line cuts a parabola in not more than two points. It may just 
paze it at one point (we can regard this as the two points running together) or 
it mayi miss it altogether. The co-ordinates of the point of intersection are called 
the real roots. Thus there are 2, i or 0 real roots. 

F urther, we know that we can reduce any quadratic to the form y — e = (a — rf) * 
and therefore Chart 69 is typical of the simultaneous solution of any linear and 
any quadratic equation. As usual we make a numerical check of our solution. 

1st roots: (Oj 0). Substituting in 

(1) y = x\ gives : 0 = 0®, Correct. 

(2) = X, gives : 0 = 0. Correct. 

2 nd roots: (1,1). Substituting in 

ii) y~x\ gives; 1 = 1®. Correct. 

(2) y = Xt gives : I = I. Correct. 


Ex. 10.71. Simultaneous Graphical Solutions 


Obtain the simultaneous solutions oiy 
I. y——x 

3 . y = ix 

5. = 2A — 4 

7 . y = — 6x + ^ 

9. y = lx-^ 


A® with the following linear equations : 

2. = 3A 

4 - y = -i;x 
6. j) = 4A + 5 
5. y = — lOA -)- 4 
10 . 
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Square Roots by Graph 
We can write the equation j> = in this form : 

X=: 

This gives us a useful application of the above method. We can find the solution 
of the equation : 

X = Vy, when = i, a, 3 . . . 

From graphs, we can thus make up a square root table. To do this we simply place a 
straight edge horizontally across the parabola cutting theji-axis at i, a, 3 . . . and 
read off the x-co-ordinates of the points where these lines cut the parabola. In each 
case, the two roots are equal but opposite in sign. We need not confine ourselves 
to whole numbers. If we have chosen a big enough scale we can find the square 
roots for quarters or halves or tenths or any other interval. 

Ex. 10.7!?. Square Roots 

By means of the stencil draw a parabola for values of x from — 5 to + 5. 
Read off the square roots of all whole numbers from 0 to 85, to one decimal 
place. Enter in a table. 

The General Quadratic 

To solve simultaneously a linear equation and a quadratic, we can either plot 
the quadratic graph by the Difference Method or locate its vertex, change the 
^-scale and use the stencil. In either case we must plot the linear equation on the same 
scale as the quadratic. If you are inventive, it may also have occurred to you that 
you could draw your parabola once and for aU on tracing-paper or cellophane 
and simply slide it about on your graph-paper to any required position. On top 
of this you can move a straight line, also drawn on tracing-paper, and so rapidly 
read off the solution of any pair of equations, one linear and one quadratic, 
without any further drawing. There is only one complication. You must read 
thej-scale differently in each case. So long as you are careful about this, you 
should have no difficulty. One practical hint : when you have traced your para- 
bola draw a horizontal line fairly high up from one side of the parabola to the 
other. Join the mid-point by a straight line to the vertex. This is the axis of the 
parabola and must always lie parallel to the _y-axis of the graph-paper. This 
helps you to fix the direction accurately. Of course, a parabola can be tilted at 
any angle; but in this chapter we have dealt only with the upright kind. Later, 
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you mil see that a universal ji-scale can be devised to overcome the scale-difficulty, 
In the next exercise use whichever of these three methods suits you best, 

Ex. 10.73. Simultaneous Solution of the General Quadratic and Linear 

Equations 

Solve the following pairs of equations ! 


I. ; = 

2) ” X® "" 4 ^ 1 ' "f 5 

4 

^““^ + 9 

3, j) = 2X* 

4, j' = x®+iox+3o 

J) = 2X+ 12 

4 ji=:- 8 A!- 2 I • 

5, 

6. j*- io^*».2ox-9o 


;=4ox-i5o 

), ;=6*'-im-54 

8. 3_)) *2 - 8x + 13 

_)i=-6*-6 

3;i = - 2x + 8 

9. ji= 3 *‘+ 3<“+90 

10. iq)>==x® + 4^“ I 

2;= -3*+ 18 

40j = -x-28 
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The Growth of Solids 

§ I. FACTORS AND RECTANGLES 

In the last chapter, and in Book I, Chapter 7, we have learned to recognize 
Quadratics as : 

(a) equations having two roots, 

[b) formulae for series of plane figurate numbers, 

(f) equations of parabolas, 

[d) functions whose second differences are constant, 

{s) formulae for the difference between the areas of two squares. 

We could now, if we liked, go on studying further properties of the parabola 
and similar curves ; but it is generally more interesting to break fresh, than to 
stay digging further into familiar, ground. So our next step will be a step into 
the third dimension. We shall go on to study the family of curves based on the 
cube. We call these functions cubks. 

Like quadratics, cubic functions may be discontinuous or continuous. We have 
already met the former in Book I, The patterns for cubics are 3-dimensional 
figurates, the formulae for which involve three factors each containing the first 
power of n. We may write the general expression as : 

F»i “ + fl) (w + b) {n + c) 

l£p = I and a = o— b=cyft have the cubes of Chart 5. If/i = ^ and a= 1, 
J = 2, c = 3 we have the tetrahedral numbers which tell us how many cannon-balls 
there are in a pyramid made up of them, if there are n layers of them and n of 
them in each of the three edges of the base. If we multiply the above factors our 
expression becomes : 

F„ = j&n® + p{a -f 4 + c)h® -|- p[ab -j- ae -f bc)n + pabc 

Since p, a, 4 , c are fixed numbers for any particular cubic, we can replace any 
expression involving only such numbers by other constants, e.g. q~ p{a+ 4 - 1 - c),. 
r = p{ab ac -{• be) and s = pabc. Our general formula then becomes : 

= pn^ ..j- ^2 f7i -|- j 
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F.+i =^(« + i)* + ?(« + 0® + r(n+i) + s 
= /»«“ + i 3 P + ?)«® + ( 3 ^ + 2? + »■)«+(/'+?+ r + J) 
F»h-i - = 3pn^ + izP + 2?)« + (i> + ? + r) 


If we replace the constants in the above by k=%p, 1 = (sp + 2 g) 
(J> + q + r)=‘m,vft have 

AFrt = kn^+ In + m 


and 


Thus the first difference AF„(= F„+i — F„) is a quadratic.^ Hence the second 
difference (A*F„) is the first difference of a quadratic and is therefore a linear 
function. The third difference (A®F„) is therefore constant, and the fourth 
vanishes. 

For example, here is the difference table for the tetrahedral numbers (Chapter aio, 
Book rV) of Chart 71 showing their general formula; ^(n® + gn® + sn) : 

»F, o I 4 10 20 35 . . . 

Ai I 3 6 10 15 . . . 

A® 2345 

A® III 

A* 00 


You will notice that the numbers of the 2nd line {first differences) are triangular 
numbers which are themselves quadratic functions, those of the 3rd line [second 
difference) being the natural numbers which are an A.P, We may now make 
the following comparison between linear, quadratic and cubic functions : 


Linear 

Quadratic 

Cubic 

I. The general formula contains no power higher than: 


The first power of the 

The second power of 

The third power of the 

variable n 

the variable n 

variable « 

2. The general formula contains no more than ; 


2 constants 

3 constants 

4 constants 

3. The figurate pattern is : 

2-dimensional 


i-dimensional {line) or 
a 2-dimensional 

3-dimensional 


Ao/fozw plane figure 

4. Hh^firH^ differences are: 



Constant 

A linear series 

A quadratic series 
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5. The second differences are: 

Z^ro constant a linear series 

6. The third differences are : 

zero zero constant 

7. The fourth differences are : 

zero zero zero 

If we represent the law of growth of a solid number by a histogram as ‘in 
Charts 70-71, we can add a new item to our table i. For large values of n : 

8. The tops of the The tops of the The tops of the 

columns may lie above columns all lie above columns may be above 

or below the base line the base line or below the base line 

In other words, a cubic like a linear function extends indefinitely into the 
domain of negative as well as positive numbers. A quadratic mc^ intrude into the 
negative domain. If so, it turns back in its course and extends indefinitely into 
the positive domain in both directions. 

Ex. II. II 

1. Make a table of n® from 72= — 5 to re — + 5 on graph paper taking i s.p.u. 
oh the vertical scale as 10. 

2. Draw the smooth curve passing through the mid-points of the extremities 
of the columns. 

3. Make histograms like the above for: 

(а) the sum of the first n triangular , numbers. 

(б) the sum of the first n squares. 

4. Write the formulae for the above in the form j&re® + + fre + 

5. What are the values of the constants r, j in 3 (re)? 

6. Make a difference table for re® and 3 (re). 

7. Make histograms for each of the rows of the difference tables for re® and 3 (re) . 

8. Make a cubic stencil for the elementary cubic ^ shown in Chart 70 as 
follows : 

1. Take 2 s.p.u. for ^^-unit and let i s.p.u. = 100 j»-units. 

2. Calculate for all values from ;« = o to ±10, 

3. Plot the graph. 

Book Two 
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4. Paste on cardboard and cut out smoothly with a razor-blade, dividing 
the cardboard into two curved halves. You can use cither half as your 
stencil. 

M ^ 

The graphs of Ex. 2 and 8 above are of a particular cubic for which the con- 
stants have the values p= t, and = 0 ” r = J. Let us now make a table of 
values for a more representative cubic of which 5, r and s have different values, 
e.g., as in Chart 72 : 

^ sa a:* — 6x* ~ 24Jf + 64 
We make a table as follows : 



-6 

-4 

— 2 

0 

4 - 2 

4-4 

4 - 6 

^ 8 

4- 10 

X® = 

— 216 

— 64 

-8 

0 

4-8 

4-64 

4- ai6 

4- 

4- 1000 

-6x* = 

— 216 

-96 

~ 24 

0 

— 24 

~ 96 

— 216 

~ 384 

— 600 

— 24* = 

+ 144 

4-96 

4 * 48 

0 

— 48 

- 96 

- 144 

- 192 

— 240 

4 - 64 = 

+ 64 

4" 64 

4-64 

+ 64 

4“ 64 

4-64 

4-64 

4" 84 

4-64 

Total ' 

— 224 

0 

-[- 80 

4-64 

0 

“ 64 

-80 

0 

4-324 


Plot this on squared paper and compare your graph with that of Chart 72. 
Notice the curve cuts the x-axis at 3 places which means (as the table idso shows) 
that ^ — 0 for 3 different values (— 4, 4 - 2, -p 8) of x. From what we have . 
already learnt about quadratics we can draw a new conclusion. There can be 
3 separate answers (“roots”) for a cubic equation of the type : 

px® + qx^ + rx + s = 0 

We can use a graph for finding each of these separate answers, as we use a 
graph to find the 2 roots of a quadratic. The principle is the same. Put 

t 

J> = px® + jx® -h t’X + J 

Plot the graph ofji and find the values of x for which^ s= o. 

Ex. 1 1. 12 

Solve graphically the following: 

I. *»-f-6x®+ iix 4 - 6=0 2. *®-7x=6 

3. X® — 3x* s= — 4 4. X® 4 - ax* = X 4 - * 

5. 6x® 4- X* ~ 5x = 2 
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§ 2.* THE* BUILD-UP OF A CUBIC FUNCTION 

We have seen that a cubic equation can have 3 roots. Can it have more? To 
answer this, it is necessary to examine the build-up of a cubic function from a 
different angle. The histogram, the figurate pattern and the graph are three of 
four different ways in which we have learned to visualize a quadratic. In Chapter x 0 
we studied the quadratic as an incomplete square. In Book I, Chapter 7, we studied 
the algebraic solution of quadratics and one method we used was to solve them by 
factors. This also lends itself to a' simple geometrical interpretation, and one 
which will be helpful in studying cubic and, other equations. 

Now bear in mind that means a function which passes through new values 
as X changes. The parabola represents all possible, whole or fractional^ values. It 
cuts the A:-axis at two points. We call the Ai-values of these two points the roots 
of the equation. The j;-values of these two points are both, of course, zero, since 
they are both on the ;c-axis, whose equation is : jv = 0. Now the important thing 
about the above factorization is that factors tell us the roots. 

Take the quadratic: 

j; = -|- 2flC — 24 

We can factorize this as follows : 


Put — 4 


J’= (*-4)(*+ 6) 

^ = (4 - 4)(4 + 6) = o . (4 + 6) = o 


* = 4 is one root. 

Put * = — 6 

j) = (— 6 — 4)(- 6 -f- 6) = (— 6 — 4) . 0 = 0 
^ — 6 is the other root. 


In general, if ^ is one root and h the other, we can factorize the quadratic 
thus : jv = (a: — — A). Now we saw in Book I (Chapter 5) that any product 

of two factors can be represented as a rectangle. We were then dealing \vith 
whole numbers only; arid our rectangles were dot patterns. In this Book we deal 
with continuous numbers and represent them by lines. Thus we can represent 
our quadratic by a rectangle ; but of course we can represent only, a particular 
value in this way. This method is similar to the incomplete square method and 
has’ the same convention for + and — . Of course, the total area must be the 
same ; but the shape is a rectangle directly representing the two factors, instead of 
a square. Rectangular numbers will play an important part in helping us to 
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understand the whole figurate family of Book IV. They can be equally useful in 
studying the more general functions of this Book. 

In Chart 74 we have plotted the graph of the function : 

y= (* — 4)(* + 6) 

On the left we show five values ofji represented as rectangles. By our convention, 
positive areas are outlined in red-red or blue-blue and negative areas in red- 
blue. The points so represented are indicated by little squares on the graph. The 
resultant area of each rectangle is the algebraic sum of the positive and negative 
areas into which the rectangle is divided. We could see the whole thing far better 
by means of a film. As x changed from — 8 to — i you would then see the 
whole figure shrinking, but the — 24 (red-blue) rectangle would not change, 
^s X passed through 0 the x^ (blue) square would shrivel to a point. Then it 
would start expanding as a red square on the opposite side of the origin. The 
ather rectangles (except — 24) would likewise change colour and cross over after 
shrivelling to a line. It is as if we cut the whole rectangle into unit squares and 
put all the plus ones end to end, and all the minus ones end to end, forming two 
columns of little squares. Remember (see Chart 73) that y now represents the 
'ioted area corresponding to the difference between die heights of the two columns. 

Now J* = (* — 4) (* + 6) 

— 4* H- 6r — 24 
And if a: = — 8 : 

^=‘(64+32) - (48 + 24) 

= 96 — 72 

= 24 

If * = - 6 

J = (36 + 24) - (36 + 24) 

= o 

The second trial gives us one of the roots of the equation. 

To sum up : we can represent the value of a quadratic by the area of a rectangle 
whose sides represent the factors of the quadratic for particular values of x* 
When the value is zero the total area of the rectangle is zero. This gives one of 
the roots of the quadratic. There is, as a rule, a second value of Xy which makes 
y = o. In this example it is Jif = -f 4. 

This is not a new way of solving quadratics. It is merely a new way of visualizing 
them. The area of a rectangle is a product of length by breadth. The value of 
a quadratic is the product of two factors. It is thus natural to represent these two 
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factors as the length and breadth of a rectangle. From this we can go on to the 
solid rectangular block which is the product of 

length X breadth x height 

i.e. three factors. This gives us a picture model for the cubic equations. We can 
speak of super-solid rectangles for equations of higher degree; but we cannot 
draw these because our real space is limited to three dimensions. 


Ex. 1 1.2 1. Quadratics as Rectangles 

Draw rectangles to represent the following quadratics for each of the 5 ^-values 
shown. 


1. 2)(a:- i). 

2. (*-f- s)i«+ i)- 

3. (*- 4)(*- 2). 

4 . J>= (*- 5 )(*- 3 )- 

5. (*+ 2)(*- 2). 

6. j>= (*- 3 )(*- 3 )- 

7. j>= (x- i)(jf-5). 

8. y= {x+ io)(jc— ■ 10). 


X 3) 2j I) O, -f- I. 

* = - 5, - 3, - I, o, -1- I. 

X = o, 2, 4, 6, 8. 

* = 0, I, 3, 5, 7. 

X = — 4, — 2, o, 2,' 4. 

X = — . I, 0, I, 3, 5. 

* = - 3j - I) 3> 5- 

K = — 20 , — 10, O, 10, 20. 


Ex. 11.22. Quadratics by Factors 

Factorize the following quadratics. Plot their graphs. Show that the roots 
correspond with the factors. Draw rectangles for the root-values of x and so show 
that the algebraic areas of these rectangles are all zero. 


I. y = — X ~ 12. 

3. y= x^—x — 20. 
5. — 9* -f- 20. 

7. == jc® -j- 4* — 32. 

9. y= x^ — i- 


2. ;;; = 5 * — 6 . 

4. y = x^-]rQX— 10. 
6 . y = x^ — 4 x 4 - 4 - 
8. y = x‘ — 2 x — 80. 
10. y=x^4~,Sx — 48. 


♦ * * 


iC * 


The simplest cubic equation is : 

y=x^ 


We can tabulate a series of values for this function thus : 


—3—2—1012 3 

y: — 27 — 8 — I o I 8 27 
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Note that the sign of a;® is the same as the sign of e.g. a; = — 2 , ** = (— a) 
X (— a) X (— 2) = (+ 4) X (— 2) = — 8. Any product having an odd number 
of minus-factors will be minus. We can represent each value geometrically as a 
cube, i.e. a rectangular solid whose length, breadth and height are all equ^. We 
can thus use tlie method of representation in Chart 74, but must add a third 
dimension. Thus we have three *-axes aU at right angles to each other. Each 
3air marks out a plane. We therefore have three planes and as you can see from 
Chart 75 this divides the space up into eight parts. We can call each part an octant. 
The sign of each octant is -1- or — according as the number of minuses is 0 or 2 
(making -f ) or i or 3 (making — ). To help you to identify each octant and its 
sign' the chart shows you eight cubes each lalDelled according as it is Right (R) 
or Left (L), Over (O) or Under (U), and Front (F) or Back (B). Study the 
chart carefully and you will see that four are all positive : 

ROF, LOB, RUB, LUF 
The remaining, four are all negative : 

ROB, LOF, RUF, LUB 

Since all these eight cubes are of the same size, half being -1-, half — , their net 
volume is zero. Suppose now we had a solid rectangular block placed in such a 
way that some part of it fell in each of the eight octants. If we knew the length, 
breadth and height of each of the eight parts we could calculate the volume of each, 
give it its correct sign, find the algebraic sum, and so find the net volume of the 
whole block. Chart 76 gives you an example. The three factors in the cubic have 
two terms each, thus there are 2® products, i.e. 8. Each product is represented 
by a rectangular block, whose volume is -f- or — according to its position. The 
net volume, y, is the algebraic sum of the 8 blocks. For example, the block 
(RpF)iis* , X .x = *®,i.e. 1000. The block (LOB) b is (— 8)(— 2)(-l- 4) = -j- 64. 
This block (LOB)i is out of sight. Study the chart carefully before doing the 
nexE exercise. 

Ex. 1 1.23. CuBiQ Calgu^tions 

1. / Copy Chart 76 butitave out the blocks (ROF)i and (ROF)a. 

2. .Draw (LOB)^by it^ in its correct position on the three axes. 

3. Maine all.die + blocks and calculate their total volume. * • 

4. N^ine all the — blocks and calculate their total volume. 

5. Vernfs^ that the difference of the last two answers is 224. 
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6. Multiply out the factors 

(*-2)(*-t-4)(Ar-8) 

by finding the product of the first two, then multiplying by the third. 
Substitute * = lo in the resulting expression and verify that the value of 
the expression is 224. 

7. Note that three different quadratics can be formed from the above expres- 
sion by taking two of the factors only. Each can be represented by a plane 
rectangle as in § i. Draw these three plane rectangles. Compare them with 
those of Chart 76. What do you notice? 

8. Draw the block diagram of this same cubic function for the value x = 5. 
Findj/. 

9. Draw the block diagram for (x -1- 2)(x — 4)(x -|- 8) for the value x = 3. 
Findj'. 

10. Draw the block diagram for (x + 3) fx + 4) + 5) for the value x = 4. 

Findj'. 

From this treatment of the cubic we get a new slant on its build up. Just as 
the quadratic has two factors which may but need not be identical, the cubic has 
three factors each of which like the two factors of a quadratic is a linear function 
of X. Two or three of them may be identical, but they may all be different. Any 
cubic equation may be arranged, so that we have on one side zero and on the 
other a cubic function. The latter wiU be zero, if any one of its factors is zero. 
So the solution of a cubic equation is the solution of three linear equations. If 
y= (x — a){x — b)(x — c),j> can be zero, when (x — a) is zero, (x — b) is zero 
or when (x — c) is zero. So the solutions of the cubic equation (x — a) (x — b) (x— c) 
= oarex=a, x=i and x = c. ' 

We can now regard x® as a product of 3 factors : 

(x — o)(x — o)(x — 0) 

If we represent it as a rectangular block, it will simply be a cube xX xx x ia 
the octant ROF for + values of x and LUB for — values of x. The graph repre- 
sents the volume of this cube shrinking down to nothing, crossing to the opposite 
octant, and then expanding again. Regarded as an equation, the function^ = x® 
is equal to zero for only one value of x, namely 0. In other words, the graph 
cuts the x-axis at the origin. 

By direct multiplication you can easily satisfy yourself that the factors of 
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*3 _ 6*2 — 84* 4- 64 are {x — a), (a; + 4) and (* — 8), The following table 


shows why x = 

2, X = — 

4 and x 

= 8 

are the roots of x® — 6x® 

— 24x4- 

11 

'to 

X 

-6 

-4 

— 2 

0 

2 4 

6 

8 

10 

(x- 2) 

- 8 

-6 

-4 

— 2 

0 2 

4 

6 

8 

(*+4) 

— 2 

0 

2 

4 

6 8 

10 

12 

14 

f*-8) 

- 14 

“ 12 ' 

— 10 

- 8 

— 6 — 4 

- a 

0 

2 

product, 

— 224 

0 

80 

64 

0 — 64 ~ 

80 

0 

224 


♦Plotting the Cubic by Graphic Differences 
Chart 77 is drawn by the same Difference Method which we used for the 
parabola in Chapter 10. The 3rd differences are constant. Thus we need to 
calculate directly only four values ofji, foim the ist, and and 3rd differences 
and then by repeated additions of A® build up the values of A®, A^ and y. 
Alternatively, we can construct a straight-line graph for A® and then starting 
with any value of A^ keep adding successive values of A® by means of a pair of 
dividers. This builds up the values of A^, which lie, as Chart 77 shows you, on 
a parabola. We now repeat the process. Starting with one of the values of jif 
already calculated go on adding A^ repeatedly (with due regard for signs), by 
means of dividers, so building up the cubic curve. The scale presents difficulties 
because cubics rise to such high figures. Consequently we have here reduced 
the scale of the cubic to one-eighth of the scale of the parabola. It is useful 
to have a quick graphical method for changing scale. The footnote below * shows 
you how to magnify or diminish the length of a line in any ratio without recourse 
to calculation. It is not worth using it when you have only a single line to change, 
but when you have a whole series of lines (as in changing the scale for a graph) 
it saves valuable time. In Chart 77, the change of scale affects the j;-axis offiy, 
and enables us to draw the graph within a reasonable space. Before starting the 
next exercise note these points : 

1. The cubic cuts the x-axis at 3 points. These give the roots of the cubic, 
viz. 8, 3, — 4. 

a. The curve has a sort of hillock and a valley. We call the hillock a maximum 
and the valley a minimum. 

3. The positions of the maximum and minimum have A* values = 0, where the 
parabolh. cuts the x-axis. 

* Draw a triangle ABC with base AB = 8 in., LABG = 90“, height BC = i in. To reduce 
any value, e.g., s'^n. to the J scale, mark a point D on AB such that AD = 3 in. If the 
perpendicular from'D on AB cuts AC at E, DE = f in. and is the value of AD on the J- scale. 
For any other ratio make AB n inches. 
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4. The left-hand part of the cubic is curved downwards. The right-hand part 
- curves upwards. Between the two is a short straight region (at ^ = 2). This 

is the point at which the parabola just passes its minimuin. If you were 
tobogganing down the cubic you would find this point the steepest region 
between the hill and the valley. We call this a point oi flexion. Thus a point 
of flexion corresponds with a minimum for 

5. Note that the line cuts the ^-axis at the point for which A^ is a minimum, 
i.e. when A^ is a minimum A® = 0. (Compare this with point No. 3.) 


Drawing graphs is something of an art. On the one hand, we have to trace 
as smooth a curve as possible. This means plotting a good many points, par- 
ticularly in those regions where the graph twists about most. On the other hand, 
we want to avoid awkward numbers, particularly fi:actions if we can. Only 
experience can tdl us the best points to plot and the most suitable scales to 
choose. 

We need not be afraid of large numbers. We simply reduce our scale to take 
them. It is the fractions which cause difficulty. If the equation has small coeffi- 
cients and we want to plot a good many points, we cannot avoid fi:actional 
values ; but what we can do is to choose a fractional unit and multiply through 
by the denominator. We can do this to the equation we have been studying ; 

^ = jtf® — 6*® — 2^ + 64 

X 

If we wish to plot J units of x all the x-values are now doubled. Then put ^ ^ “ 
(i.e. X means x reckoned in ^ units). 


X 3 6X2 24X , . 

“^8 4 2 ^ 

Multiply through by 8 : 

12X2^ 96X +.512 

Now adopt a new j^-unit. It will have to be Jth of the previous j>-unit. Thus 
Y 

j ^ z= Y. Our equation now becomes : 

8 


Y = X® - 12X® - 96X + 512 


The coefficients are now sufficiently large to allow us to work throughout 
with whole numbers. We plot our graph for X, Y and then change the scale back 
after plotting, by halving all the figures on the X-axis and dividing aU the 
Y-figures by 8. Tlie latter is what we have done in plotting Chart 77. In the 
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next exercise we have an equation with large coefficients and there is no need 
to use fractional values. 


Ex. 11.24 

I. For the equation 


= X® + 10*® “ 85* — 250 


calculate the values oiy for the x-values 10, 9, 8j 7, 6. 

2. Find A^, A® and A® for these five values ofy. 

3. You know that A® is constant. A® is a linear function and A® is a parabola. 
You have 3 values of A® and can therefore plot the straight-line graph. 
Take i s.p.u. for your x-scale unit, and let r s.p.u. == 10 on theji-sc^e. To 
check the accuracy of your graph note that it should rise by steps equal to 
A® for every unit along the x-axis. 

4. Your A^ values are roughly 5 times as large as your A* values. Thus a 
smaller scale must be used. Take i s.p.u. = 50 j>-units. Plot the first value 
of A® which you have calculated for x = 10. Now place your dividers at 
the point x = 10 on the A® graph and measure the height of the graph at 
that point. Refer to the footnote on page 232, reduce this to one-fifth and 
apply the resulting length to the A® value you have just plotted. As the 
values are going down (jf = 10, 9, 8, 7 . . .) you must subtract this length. 
This gives you your second A® value. You can check it against the calcu- 
lated value. Then measure A® for x = 9, reduce to ■J-th and subtract it from 
your second A® line. You can also check this value. Once you are sure you 
have made a correct start you can continue this process as far as x — 15, 
thus building up your parabola of A® values. 

. 5. You can now construct the cubic. Your values on the cubic are roughly 

\ 3 times as large as thej values on the parabola, so you must once again 

\ reduce the scale, but as J is awkward take J as the factor. You will need a 
/.^separate sheet of graph paper. Halve all the A® values by the “lens.” Start 
l^y plotting the first value of = x® -f- lox® — 25X — 250 which you calcu- 
I&ed for X = 10. Subtract the first value of A® (halved) with your dividers. 

, CH^ck against the calculated result for the second value (for x = 9). Con- 
tinue in this way building up the cubic from the parabola. 

\ * * * ' * « 

The last ef;;p:cise probably convinced you that graphical plotting by differences 

is both slow 'i^nd inaccurate. Each point on the cubic is obtained after four 
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adjustments of the dividers. Thus we cannot regard this as a practical method. 
It was intended simply to show you that the first differences of the cubic lie on 
a parabola and the second differences lie on a straight line. Thus, adding suc- 
cessive ordinates of the straight line gives a parabola, and adding successive 
ordinates of the parabola gives a cubic. This helps you to understand the structure 
of the cubic. We can use the Difference Method accurately by building up a 
complete table of A®, A^ and y values, by repeated subtraction or addition and 
then plotting y direct. To plot 25 values in this way requires 75 additions or 
subtractions. Again, this is a slow process and a single mistake makes all subse- 
quent results incorrect. 

Ex. 11.25. Plotting the Cubio by Arithmetical Differences 
Work with the same equation as in Ex. 11.24, viz. : 

_)» = *1® + 10*® — 25* — 250 

Find, by substitution, the values of_j> for * = — 15, — 14, — 13, — 12. 

Then mark out two pages into 5 columns each as follows : 

1 * 1 1 A® 1 A® 1 A® 1 

Under x enter all the whole numbers from — 15 to + 10, on alternate lines. 
Enter the four values oiy which you have just calculated. 

Find the corresponding values of A^, A®, A® by subtraction. 

A® is constant. Start adding it repeatedly t6 A® (taking account of signs), 
entering values on alternate lines until the whole column is filled. 

Now add each value of A® to its corresponding A® until the whole A^ column 
is filled. 

Finally, add each A^ value to its corresponding value so completing the table. 
Now choose a suitable scale and plot the x,y graph. 

The Cubic as a Sum of Three Terms 
Still sticking to our equation 

= ** — 6*® — 24* + 64 

we see that^ can.be expressed as a sum of three terms: 

(*®) apd (— 6*®) and (— 24* + 64) * 

Chart 72 shows these three terms plotted as separate graphs and then added 
together, to form one composite graph. To add graphs together we take ,a par*- 
ticular value of *, e.g. — 8, measure the height of each graph (i.e. the value) 
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at this points add the heights together and plot this value on the new graph. 


The adding can 

be done graphically, using dividers. Thus: 


(0 

— 24* + 64 

X = — 8 : jr 

256 

(2) 

^ =s — 6** 

= — 8 : — 

- 384 

( 3 ) 

7 = AT* 

a;= — 8:^ = 

- 512 

(4) 

= a;* — 6*® — 24A( + 64 

— 8: js= 

- 640 


Ex. 11.26. Graphioai, Addition 

1. Measure the heights of each of the red dots from the x-axis in Chart 72. 
Add each set of 3 together and compare the sum with the height of the 
corresponding red dot on the 4th graph. 

2. Make a similar chart for the equation = x® + ioas® — 25X — 250. 

§ 3. REAL AND IMAGINARY ROOTS 

To solve a quadratic of the form ax® + = c by means of the formula (p, 212) 

or by factors (Book I), we reduce it to the form + ? = 0. For instance, 

3*® + 3* = 18 becomes ; 

3^:® + 3* — 18 = 0 
A(®+ 6 = 0 

"We can solve this graphically if we put j = At® + a: — 6 and plot the curve so 
defined. Our two answers, the roots of the equation, are the values of x where 
the curve cuts the jc-axis, i.e. when = o. To plot the curve, it is not necessary 
to make a table of jv-values corresponding to particular values of «, positive or 
negative. We can use our parabolic stencil (p. 207) forji = x® by the method set 
out on p. 208. Alternatively, we can use it in another way which is simpler. We 
can write the above as : x® = 6 + *• Since the expressions on the left and right 
are equal we can use one symbol for them, i.e. we can put : 

\ *®=_)i=6 + a{ 

iWe now draw the line = 6 + * on the same scale as the parabola = x®, 
thAiwo answers required are the 2 *-co-ordinates of the points where the line 
cross® the curve. 

Thi^s the most speedy way of getting a graphical solution, or to be more 
precise “real” solution. The word real has a particular , meaning in books on 
algebra, ^e have seen that (-f 7)® = (— 7)® = + 49, i*e. V + 49 = ± 7. 
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Positive numbers like + 4.9 have real square roots, one positive, the other negative 
and numerically equal to it. A negative number such as — 49 has no real square 
roots. A square root of a negative number is said to be imaginary. Sometimes the 
solution of a quadratic equation involves 
example : 

zx^ -f- 2;>r + 25 = o 

On applying the formula of p. 212, we get: 

- I ± Vi - 50 

2 2 2 

Both negative and positive numbers when squared yield positive numbers. The 
square root of a negative number is neither a positive number which we repre- 
sent to the right along the *-axis and upwa^s along the^y-axis nor a negative 
number which we represent to the left along the x-axis and downwards along the 
_j)-axis. Consequently, the values of x for which a function such as 2x® -1- 2x -|- 25 
becomes zero do not exist on the plane of our graph paper. In other words, our 
y curve never cuts the x-axis. Alternatively, if we plot 2X® =y and — 2x — 25 = j, 
there will be no points at which the imej= — (2x-|- 25) cuts the parabola 
2x“ =y. 

§ 4. GRAPHICAL SOLUTION OF THE CUBIC EQUATION 

A graphical method of solving the cubic equation is essentially like the method 
of solving a quadratic. We may first reduce our equation to a standard form with 
only 2 constants, thus : 

2x® — 2X* — 20X s= 16 
X® — X® — lox = 8 
X® — X® — lox — 8 = 0 

We can now make a table of x and values for the fimction 

=s X® — X® — lox — 8 

If the curve cuts the x-axis at 3 places we have 3 separate real roots, which are the 
required solution. This method is not very accurate; but that is unimportant, 
because we can always check our solution by arithmetic. What matters more is 
that it is laborious. There are several ways of side-stepping the labour. If 

X® — X* — lox — 8 = 0 
+ lOX -H 8 

X® = + i,ox ■+• 8 


such imaginar y roots. Here is an 

X® -f X -(- — = 0 
2 

I , V-49 
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Accordingly, one way of proceeding with the minimum of effort is to draw the 
graph *®=> with a cubic stencil, and thp graph x^-^- ioa:+ 8 = j) with a 
parabolic atcncil of the same scale, as explained on pp. 209-21 1. Alternatively^ 
we can plot + io;s + 8 ==^ from a table of values prepared in the usual way. 

Ex. 11.31 

Find by means of a cubic and quadratic graph the real roots of the following ' 
equations. 


I. 


+ 3*8 + 12* — 16 — 0. 

5- 

+ 3** + 4 — 3*- 

2. 

x^ 

— 6*8 + 30* = 63. 

6. 

*8 + 6*8 — 50* + 43 = 0. 

3- 


+ 9*® + 33* + 5« = 0* 

7- 

+ 33* = 3*® + 148. 

4-' 

*8 

— 9*8 + 18* — 28. 

8 . 

*8 + 6*8 + 72* = — 189. 


s|{ « sfe 


The graphical method just described involves less effort than solution of a 
cubic by tabulating jf- and x- values for the function : 

V = a:® + ax^ + Aat -f- c 

It has one disadvantage, Both the quadratic and the cubic graph slope steeply. 
Hence small inaccuracies of draughtsmanship may lead to big inaccuracies in 
assigning where the two curves cut each other. Let us now look at a cubic which 
contains no term involving e.g. : 

a:® — i8a: — 35 = 0 
We may write this as : ' 

a;® = i8a: + 35 
ac8=ji^== i8Ar+ 35 

Our solution is therefore the jf-values at which the straight-line graph j == i8;c + 35 
cuts the cubic = aj® drawn on the same scale. Now it is easier to draw a straight 
line accurately with a ruler than to fit a smooth curve to a quadratic ; and even 
if we use the stencil, method for drawing the graph of the latter the procedure 
involved in finding where the straight line cuts the graph of our cubic stencil is 
more likely to give an accurate result. It would therefore be useful to have a 
trick \^or converting a cubic of the standard form involving jtf®, x and 3 con- 
stants ipito the form: 

x^ + px+q:=o 


V 
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We have learned (p. 210) how to convert a quadratic involving x\ x and 2 
constants into the quadratic j = x\ So it is worth while to explore the possibility 
that we can reduce a cubic to the form shown above by a similar procedure, 
i.e. by the origin along the x-axis. Suppose that our cubic equation is : 

+ 6x ^ =6^+63 
X® + — 6x — 63 = 0 


Let us test the possibility by assuming that we can produce this result by changing 
our origin, i.e. by putting : 

x + rf=X 

If we can do so, we shall then get an equation of the form : 

X® -j- /*X -|- j = 0 


This equation is equivalent to putting : 

. ' (x + d)® + /^(x + d) + ?= o 

.*. X® + px pd q = 0 

+ ^dx^ + {%d^ + p)x + (rf® + /id + g) = 0 

This equation is equivalent to the one which we are trying to reduce to a form 
involving only x®, x and 2 constants, if: 

4. 6x® - 6x - 63 = X® + 3dx.® + (3d® + p)x + (d® + pd+q) 


This must be so, if: 

(a) 3d= 6; 
From (a) we have : 

Hence fromi (&) : 


(i) 3d® + /I = — 6 ; (c) d® 4- /id + 5 = — 63 
d= 2 

.-. 3d® 4- ^=12+/' 

12 p = — 6 
.-. ^ = — 18 


In the same way, paint in the values P = — 18, d= 2 in (c) : 

... j _ 8 4- 36 - 63 = - 35 

.-. X® 4- 4- ? = X® - 18X - 35 = 0 



2^,0 Algebra by Visual Aids 

We can obtain a real root of this equation by finding where the straight-line 
graph y— i8X -f 35 cuts the cubic jv = X®, which we can draw with the stencil. 
We thus get the rei values of X. Hence we know the real values of x, since 
'K. = x + d= x+ z, i.e. 

*= X- 2 

This method of reduction is always applicable. We can generalize the argu- 
ment as follows. Our complete cubic equation is : 

x^ -f bx-\- c = 0 

The reduced form we seek is : 

X® -f- pX -|- j — 0 
If we put X = * -j- d, we have : 

+ 2,dx^ -I- (3d® 4- p)x -f (d® -t-.Ji'd -h ?) = 
jf® -f- ax^ bx -{■ c 


^d= a 


d8 = — 

27 

gflfi — 2a® 
27 






^d^-\-p = ~ + p=b 
* 3 


2 




ab 


27 ' 3 9 


+ y = e 


q=c-{- 


2 a 


3 


gaA 


27 


If we know a, b and c, we therefore have all the information we need for finHing 
d, p and q in the equation replacing x by X= x d. 


Ex.- i;.32 (Chart 78) 

1-8. Solve each of the equations of Ex. ir.31 by: 

(a) reducing to the form X® 4- /X -f y = o; 

(A) finding where the straight-line graph y ~ — AX — q cuts the cubic 
curvej = X». ■ 
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§ 5. ALGEBRAIC SOLUTION OF A CUBIC EQUATION 

The trick we have introduced to make possible the graphical solution of a 
cubic by means of a straight line and a cubic stencil is the principle which under- 
lies the algebraic method. It may happen that q = o, as when (Chart 78) : 

— 6*® — 24.JC + 64 = 0 


By applying the method of § 4 we find that this reduces to the standard form, 
if we put 

X=x + d 


We then get : 


(a? + + Pix + ^) + ? = o 

3fi? = — 6 and d= — 2 


^ = — 36 : q = o 
X® - 36X = 0 , 

We can write this as ; 

X(X® - 36) = o 
X(X-6)(X+6) = 0 


This is true if any of the 3 factors is equal to zero, i.e. if X = o or (X — 6) = o 
or (X -|- 6) = o. Thus there are 3 real roots : 


X= o; X= 6; X= - 6 


Since 'K. = x + d, *=X — d=X+2. Now X can have any one of the 3 
values above. So there are 3 possible values of x consistent with our equation, i.e. 

(a)' *=0+2 = 2 
{b) *=6+2 = 8 
(c) Ac= — 6 + 2 = — 4 

The simplest way of checking this result is to build up the original equation 
fi:om the roots by using factors. The cubic function is equzd to zero if any one 
of its factors is equal to zero. If * = 2 one factor must be (* — 2) . The other 2 
will be (* — 8) and (* + 4) . By direct multiplication we have : 

(* — 2) (* — 8) (* + 4) = *® — 6*® — 24* + 64 


Ex. 1 1. 41 

Solve the following by the method shown above : 

Tin 


ft 
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i. + 9*® + 33 * + 15 = 0. 4. 9*® “ I o8j(* h- 432* = ,576. 

a. *8 — 6*®+n*=6. 5 - *3 ~ G;^® — 4« + 24 = o. 

3, 4^:8 — 12*8 + 3 a: + 5 = o- 4*® + 3^*® + 92* = — 60. 

■ ♦ ♦ * * ♦ 

Needless to say a cubic equation does not always reduce to a form so sim 
When q does not vanish we have to proceed in another way. We have seen 1 
we can reduce to the form involving only 2 constants : 

+ 6j¥® — G^f -* 63 o 
When X = (at + 2), this becomes : 

X® - 18X - 35 = o 
We now introduce a new trick. Put 


X = a+ 


But we have above : 
Hence if X = « + », 


' X® = B® + + 3Mi>® + 

= 3«»(2 -)- a) + (a* H- 0®) 
= 3 «« . X + + i*® 

x»= rax + 35 

3ao = 18 and a® + w® 35 


We have now 2 equations with 2 variables. We can solve them a.s follows : 


(«® + »®)®= 35® s=t 1225; ™ (~^ =*2x6 

a® + 2u®d® + w® => 1225 
4a®a* = 864 

tfl — a«8»* + *'* “ 36X !=a xg® 

••• a® — »® = 19 

If we combine this with a® + ®® = 35, we have : 

22* =54 a® =27 a— 3 

2»® = 16 ti® = 8 8 = 2 

Since X = a + t», 

X= 2 + 3= 5 
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Thu? one root of our reduced equation is X = 5, and since X - 2 = a:, one real 
value of AC is 3, and one factor of our cubic must be . (ac ~ 3). The other factor 
which is a quadratic is obtainable by division [see Book III, Chapter 15). In 
this case, as you can check by multiplication: 

This is true if either (ac - 3) = 0 or a;® + gAc + 21 = 0. 

The solution of the last gives us the other two roots of our cubic. Both involve 
imaginary numbers, being: 

2 2 


Ex. 11.42 


Find one real root of each of the following equations: 


I. AC® + 9Af - 26 = 0. 

2'. ac®+3;«®+'9a: + 27 = o. 

3. A!® "1" 6ac "h 7 “ 

4. AC? = pAC + 28. ' 


5. a:® -1-9 = 6 a:. 

6. ;c® -h 36A: = 37. 

7. a:®-1 - 30Ac= 117. 

8. AC® j- 60AC -i- 61 = 0. 


JVbfe.— If we can factorize a cubic (see p. 360-1, Book III) we may apply the 
method given for a quadratic on p. 159, Book 1 . 



CHAPTER 12 


Inverse Proportion and the Hyperbola 

§ I. INVERSE PROPORTION 

We have now learnt the meaning of the 'wotdfuruition and of dependence between 
two variables. Graphs and histograms are visual ways of showing dependence. 
Direct proportion dealt with in Chapter 7 of Book I is a special kind of dependence. 
Ordinarily we mean a sort of dependence which we can summarize in the formula 
for an A.P. or the equal step histogram when the two variables (or one of them) 
grows by jumps and the linear equation or the straight-line graph when their 
growth is continuous. For purposes of calculation, the linear equation and the 
straight-line graph work either way. Here is an example : 

X 123456... 
y 7 II 15 19 23 27 .. . 

The equation is^ = (4^: + 3), and the stralght-linc graph slopes upwards from 
left to right. When one quantity {y) is directly proportioned to another {f(),y increases 
as X increases and decreases as x decreases, but this can be true of many types of 
dependence other than what we commonly mean by direct proportion, unless 
we add something more to our statement. For instance, we may say that j* is 
directly proportional to tlie square of x, wheny is a quadratic function of x and 
as such can be represented by a parabola. This is true of the following for which 
the equation is = 2** -j- 3 : 

^ — 3 > ~ 2, — I, 0, - 1 - 1, 4 - 2 , 4 - 3, 4 “ 4 *‘- 

j . . . 4 - 21, 4 - II, 4 - 5> 3 . + 5» + II, 4 - 21, 4 “ 35 • • • 

While it is true that we can always represent direct proportion by a linear equa- 
tion or straight-line graph, the converse is not true. A linear function of x may 
decrease, as x increases. For example, the following table shows ^ and x values 
embodied in the equation = — 4^ -}- 3 : 

■ X - — 3, — 2, — I, 0, 4 - 1 , 4 “ 2, 4 - 3 , 4 " 4 • • • 

\ J > ••• 4 - 15. 4 - II, 4 - 7 , 4 - 3 , - I, - 5 , - 9 , - 13 • 

Custom^y, we say that;) is directly proportional to x, only when;) increases by 

\ 
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equal steps as x increases by equal steps or decreases by equal steps when x 
decreases by equal steps, i.e. when it is a linear function of x with a, positive 
coefficient. Many lands of dependence are not of this sort, including linear 
dependence when the coefficient of x is negative, i.e. when y decreases by equal 
steps as X increases by equal steps and vice versa. Another sort of dependence 
which exists whenj* increase numerically as x decreases numerically or decreases 
numerically as x increases numerically has a special name. We call it inverse proportion. 
Here is an example: 

«... — 10, — 5,- — I, 0, + I, + 5 ) + 10 • • ■ 
y . . . ~ I, - 2 , — 10, ?, + 10, + 2, + I . . . 

If we leave out of account the middle item, the peculiarity of this sort of depend- 
ence is not difficult to recognize. The product of corresponding values of x and y 
is always the same, being 10 in this example. The equation is therefore: 


10 

The number on the right is fixed for this particular function. It is a constant. 
One variable is always said to be inversely proportional to another, when the 
product of the two is a constant, i.e. if 

jcj) = C or y=— 

X 

Two variables are in direct proportion, when the quotient is a positive constant, 
i.e. when 

^ z= C or y= Cx 

X 


More generally, we may say that two variables are in direct proportion when 
there is a constant (and positive) ratio between one and the other increased or 
decreased by a fixed amount, i.e. by a second constant (here K). We may write 
this in the form : 




or = U 


= C* + K or = C;c — K. 


In our first example of direct proportion (p. 244) C was 4 and K was 3, the 
sign of K being positive, if we use the left-hand formula. In the same way, we 
may speak of two variables as inversely proportional to one another, if: 
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C K)- C 

•*• j’ “ “ + K orj ■ ^ — ft. 

This is true of the following; 

X + i, + i. + I, + 2 . ,,+ 3 > + 4 
y +" 33) + 13» + 8, Hh 54, + 4i) + 4i 

By testing any pair of and Jf values, you can satisfy yourself that C « 5 and 
K«3,ji.e. 

* 0 '“ 3)=-5 

We can represent dependence of this sort by a hiiitogram when x increases by 
jumps, or by a graph, when x increase mlinuously. Chart yg shows die histo< 
gram of the discontinuous function ; 

H„ s= ~ or H . H* ~ to 
n 

Here as ekewhere, we use n in contradistinction to x to indicate that the ind^ 

‘ pendent variable must have discrete values, e.g, whole numbers. This chart shows 
only values of the dependent variable {H„) for positive values of 11, Why we use 
the symbol H will come later (p. 853). The column for Ho is not in the chart, 
because it is too tall. When n — 0, is to ~ 0. What docs this mean? Mul- 
plication is repeated addition. Division involves repeated subtraction. The answer 
tells you how many times you can go ou taking the divisor away from the divi- 
dend until you have nothing left. Now you can go on taldng o away from to (or 
any number) till you are grey-haired without finding that you have nothing Irft. 
The number of times you can db so is indejinilely large. We have a special sign for 
i1, CO, and a special name injinitji. Infinity is not the name for any particular 
number. It is a label for an order of magnitude beyond our powers of describing 

f iarticular numbers. It is off the map. 

what happens when n becomes very large. then becomes very 
n is immeasurably large, so that we have to represent it by our 
Urmeasurably large numbers ; 

= 10 -r eo or eo , = 10 

10 (or any number) by a number which is immeasurably large) 
tient which is immeasurably small, i.e. jzero. In general therefore; 

■ n , « 

— =s 0 and — sa 00 
00 0 
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Ex. I2.II 

Draw histograms like Chart 79 for : 

I. = - 2. K . H. = 2 

n ■ " 

3- = i 4. = 

n ^ ^ n 

5 - n(H„ - 5 ) = 4 , 

* * IN * iN 

Chart 80 shows the graph of a function defined by the equation : 

xji = C 

For the present, (see § 3 ieloui) we shall assume that C is positive. In the chart 
C = + 1 00- The scales for x and^ are the same. If we tabulate positive values of 
X, we have : 

*= . . . o-i I'O 10 100 1000 . . . 
y = . . . 1000 100 10 I 0*1 .. . 


From such a table, you can see at once that : 

(а) when x is positive all values of j|i are positive ; 

(б) when x gets very nearly zero, y becomes immeasurably big ; 

(e) as X gets very big,^ becomes very small. 

On the graph we therefore find: 

(а) for positive values of x the curve lies wholly in the top right quadrant ; 

(б) the curve has two limits which respectively tail off very close and almost 
parallel to the_j»- and ;c-axes. 

For X values which are negative, we can make a table such as this : 

X= . . . — O-I, — I "0, — 10, — 100, — 1000 . . . 
y = , . . — 1000, — 100, — 10, — I, — 0*1 . . . 

All y values are negative, when x is negative. Corresponding negative and 
positive values are numerically the same. Thus the complete graph of the 
function ^ = 100 has two separate parts, one wholly in the top right quadrant, 
one wholly in the left bottom quadrant. The two parts never meet. One is the 
mirror image of the other. Eaci has two limbs which lie very close and almost 
parallel to the x- andy-axes respectively. When a limb of a curve approaches, a 
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straight line in this Tvay, we call it an asjnnptote, and say that it is asymptotic in 
that region to the straight line itself. 


£x. 12.112 

With the same scale for x and y draw the graphs of the continuous functions 
corresponding to tliose represented by the Ixistograms of Ex. 12. ii, i.e. to 

2. xy=i a 

4. ^ = i — 6 

X 

5 - i< 0 ’- 5 ) = 4 

§ 2. THE HYPERBOLA 

In Ex. 12.12, Nos. 1-3, the constant K is 0 and the equation is of the general 
form: 

xy=C 

The values of C are 1, a and 4. All three curves have much the same shape, 
each with two separate mirror-image psirts, each part with limbs asymptotic to 
the X‘ and_ji-axes, and each part symmetrical about a key-point where x=y. 
The name for a curve of this sort (with its mirror-image) is the rectangular hyper- 
bola. The general shape of all three rectangular hyperbolas in these exercises 
(Nos. 1-3, Ex. 12.12) is thus alike except in the neighbourhood of this key- 
point, where x = j', so that we can put either x^ xy = C or y^ = xy = C, kx 
this key-point we therefore have : 

x= VC and y=\/C 

Thus if C = I, the key-point in the positive quadrant is at * = i, = i. If 
C = 4, it is at X — 2,_y = 2. Since a square root has both positive and negative 
values, * = — I =y when C = i, and x = — 2 =y when C = 4 in the negative 
quadrant. ' This shows us what Ae constant C does. It pushes the key-point, 
where the bend comes, further away from the origin. When C is small the bend 
is very sharp. When 0 is large the bend is less acute. 

If we write the equation in the general form x[y — K) = C, the Itist 2 exercises 
of Ex. 12.12 contain a new constant K. What does K do? You will be able to 
see this more easily if you do the following exercises. 
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Draw on the same scale for x and j each of the following pairs on the same 
grid: 

1. = i _ 6 (Ex. 12.12, No. 4) and {ditto. No. 3). 

2. x{j)> ~ 5) = 4 {ditto. No. 5) and = 4 {ditto, No. 3). 

3. j>= 15 and j> = — (Chart 80). 

X X 

20 , 20 

4. j - 10 and = — . 

X X 

2 2 

5. j>= 4 and j> = - (Ex. 12.12, No. 2). 

X X 

H! 

When you have completed Ex. 12.21, you will have discovered that the con- 
stant K does not alter the shape of the curve at the bending point. It shifts its , 
position on the grid, so that ; 

(«) the bending point is no longer equidistant from the x- and_y-axes; 

(A) the limb asymptotic to the *-axis approaches indefinitely near a line 
Kji-units above it. 

The second conclusion follows from the equation itself, i.e. 

x{jy-K.) = C or j=--|-K 

X 

When X is indefinitely large we have : 



Since C -r- 00 = 0, = K. In the region, where x is so large that C a; is 

negligibly small, the curve thus becomes nearly the same as the straight line 
whose equation (p. 19 1) is j’ = K, This is a line which runs parallel to the 
*-axis, so that the j-co-ordinate for every vzJue of x is K. We arrive at the same 
conclusion, if we use a trick we have learnt elsewhere (p. 239). Put Y = (ji — K), 
Our equation then becomes : 

*Y= 0 

This is a rectangular hyperbola with the same_j>-axis but the x-axis shifted K xmits 
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upwards, so that when Y = 0, > = K. The new origin therefore has the co- 
ordinates A! = 0,^ = K. If K is not zero, so that the bending point is not equi- 
distant from the origin, we still call our curve a hj^crbola, and we can meet 
the equation of a hyperbola in a more complicated disguise. Chart 81 shows one 
with 3 constants : 

ZX+ 10 

y— 

On the face of it this does not look like our standard form, but we find that it is 
essentially so, if we graph a series of tabulated values such as : 

* = — 14, — 6, — 2, 0, + tj + + 3> + 4> + + 10, + 18 . . . 

ji = +2, +1, - I, - '5, - 13. eo) + I 9 » -t- II, + 7 , + 5 , + 4 • . . 

Let us now shift our axes, starting with the ji-axis. Pat — 2) = X. The equa- 
tion now becomes : 

3(X-f2)-fio 2X4-16 . 16 

y = — 


X 


3X±i6 = 3 +- 
X ^^X 




We have shifted our_y-axis, 2 units to the right, so that X = 0 when Af = 2. We 
now shift the x-axis by putting Y = (_y — 3). Our equation referred to the new 
grid becomes ; 

Y_ r6 

In other words, the graph of the original equation is identical with a rectangular 
hyperbola whose knee joint is at X — 4 = Y or X = — 4 = Y, when we reckon 
X and Y from a new set of axes parallel to the old ones, but crossing at ^ = 2, 
JI = 3. With reference to the new origin, our graph is that of a rectangular 
hyperbola, and its Hmbs are asymptotic to the new axes. We can therefore see the 
necessary transformation by looking for the ji-co-ordinatepf the line to which the 
horizontal limbs arc asymptotic and the *-co-ordinate of the line to which the 
vertical limbs are asymptotic. 

Ex. 12,22 

Plot the following. Find the origin with reference to which the hyperbola is 
rectangular by inspection of the asymptotes and by algebraic substitution as 
above : 
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4 *- 5 

„ . 2* + 3 

* + 3 - 

2. y = — — s 

X -f- I 

X - 1 - 2 

lOX -f- 2 

3 * + 4 

4. y = ! — 


iii )ii 


* « * 


In the denominatpr of the example which preceded the last exercise the 
coefficient of * was unity. In the last 2 exercises, we introduce another constant. 
The introduction of the new constant simply changes the scale of measurement 
along one axis. A peculiar property of the hyperbola is that change of scale of 
X measurements alone has just the same result as a corresponding change of 
scale ofji-measurements alone. Let us go back to the hyperbola 


01= i6 


Suppose we halve the value of our x measurements, so that lo s.p.u. which stand 
for 10 on the original (x-scale) are equivalent to 5 on the new one (X-scale). 
Thus the point x = 4, j = 4 on our old graph we now label X = 2, j)> = 4. In 
algebraic language we now have * = 2X and our equation is 3 ^ = 8. If we had 
halved the value of our_y-measurements, we should have to put = 2Y. Hence 
our equation would become : xY = 8. The effect is the same either way. It 
brings the knee-joint of the hyperbola nearer the origin. On the original grid its 
co-ordinates are x= ± 4 = J. On the new grid its co-ordinates are X = VS =y 
ox x= VQ = Y. Change of scale does not affect the symmtiy of the graph, as 
you might be tempted to suppose. 


Ex. 12.23 

Plot each of the graphs in Ex. 12.12 on the same grid with 4 scales : (fl) i s.p.u. 
for * = I =y‘, {b) I s.p.u. for x = i, 3 s.p.u. for j = 1 ; (c) i s.p.u. forj = i, 
3 s.p.u. for X = I ; (e) 3 s.p.u. for a; = i =y. 

:it * * * 


§ 3. GEOMETRICAL REPRESENTATION OF INVERSE PROPORTION 

Chart 82 shows another visualization of isyerse ^proportion; It 
graph nor a histogram, though it looks someWhiit lilfe 4ie’|^^^' 
picture of a large number of rectangleS|S 1 ih:e'a¥el^s'Mg^^^ 
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area is the product of two measurements, its vertical height and its breadth. We 
can represent this by the formula : 

A = h.b 

If we are merely told what is the value of A, we cannot draw a rectangle. All 
we know about it is that it is a member of an indefinitely large family of oblong 
shapes connected by the fact that two particular measurements have a fixed 
product, and are therefore inversely proportional. If we superimpose them, with 
two sides always in alignment, we get a figure of which the contour is a rectangular 
hyperbola. All the free corners lie on the latter. The free corner of the square, 
when A — i = VA, is its knee-joint. 

Ex. IS.31 

Draw diagrams like those of Chart 82 for rectangles of area 

I. 16 sq. cm. 2. 36 sq. cm. 3. 25 sq. cm. 

3|e • . ^ ^ 

In accordance with the convention of Chart 73, Chart 82 shows two ways of 
visualizing a positive area ; but if we are entitled to speak of a height below ground 
level as negative or a breadth left of a fixed point as negative, we are entitled to 
adopt a convention which makes areas of rectangles negative if their adjacent sides 
have opposite signs (either — x and ■fj'or -h x and —y). So far we have confined 
ourselves to hyperbolas with two sepmate portions respectively lying above one 
fixed line to the right of a second at right angles to it and below tlie first to the 
left of the other. This is because C is positive, as we usually imply when we say 
that is inversely proportional to x. The effect of introducing a negative sign in 
firont of C is to transpose the two wings, so that they lie in the alternative 
quadrants. For instance, = — 16, x is always negative when_j> is positive and 
vice versa. The two wings thus lie in the left upper and right lower quadrants. 


Ex. 12.32 
Plot the following. 

I. xji= — 36 


2. x = 


-50 

y+ 10 


4 — io;if 

3. y = Z 


X — 2 
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§4. INVERSE PROPORTION AND HARMONIC SERIES 

Elemental science provides several examples of inverse proportion of the sort 
which involves continuous change of both variables. When we double the pressure 
on a piston we halve the volume of air enclosed, and we can change either the 
pressure or the volume of a gas as gradually as we like. There is no discontinuity. 
So the histogram of Chart 79 does not describe such a situation. Though there 
are many familiar examples of direct proportion involving growth by jumps (e.g. 
price problems), no such examples of inverse proportion come within the range 
of our daily experience. We meet them in some branches of scientific research; 
for instance, the weeding out of certain types of annual plants by selective 
breeding. The proportions of such types may be inversely proportional to the 
number of generations, necessarily a whole number. 

The name for series of terms which are inversely proportional to whole numbers 
is Harmonic Series. The reason for the name depends on a discovery made in the 
sixth century b.c. by the Pythagoreans (Chapter 4, Book I). When we pluck a 
filam ent of particular material and thickness and tension, feed at both ends, it 
emits a note, the pitch of which depends on its length. Other things (material, 
etc.) being equal, a longer string gives a note which is of lower pitch. Halv- 
ing the length raises the pitch an octave, or as we now say doubles its fre- 
quency. The Greeks, who made the first recorded studies on the proper design of 
musical instruments, discovered that the notes of strings harmonize when the 
lengths form the reciprocals of a whole number series. Por example, if the longest 
has I unit of length, the note given out by it will harmonize with that given out 
by similar strings -J, J, units long. Now look at the foEowing : 

w=i23456... 

H - ^ ^ i ^ ^ i 

““"i 2 3 4 5 6’’‘ 

The series of the second line is a harmonic series or harmonic progression of the 
simplest sort : 

H„ = - or n . H„ = I 
n 

The numerator of H„ remains the same, while the denominator goes up by equal 
steps. A harmonic series is therefore a series of which the reciprocals arranged in 
the same order make up an arithmetic series. For instance, here are 3 other 
examples : 
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10 10 10 10 10 

T T T y T ■ * ' 

4 a j4. £ i_ 

5 5 15 5 25 ' ■ ■ 

2 if li . . . 

It is not obvious that the last two are harmonic series, till we arrange them so 
that the numerators are the same : 


^ ^ ^ 

5 10 15 20 25 ‘ ' 

12 12 12 12 12 

7 8 9 10 ' ' ’ 


To test whether a series is an H.P. you can: (a) invert each term to get its 
reciprocal, and test the converted series to see if it is an A.P. ; {b) get each term 
into a form with the same numerator and see whether the denominators go up 
by equal steps. 


Example i 


n = o I 2 3 4 5 


The L.C.M. of the numerators is 60. We can therefore apply the second method 
thus: 

60 60 60 60 60 60 

H = 

240 210 200 195 192 190 

Clearly the denoibinators are not an A.P. So this series is not an H.P. 


Example s 

n='o I 2 3' 4 5 

H,=i i A * * ft 

We get by inversion the series : 


3 8 13 18 23 28 
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This is an A.P. of common difference 5, the general formula being : 

A„ = Ao + 5n = 3 + 5« 

H„ = — 1- 

3 + 5« 

Ex. 12.41 

-Use the method of the last 2 examples to te3t which of the following are 
harmonic series : 

1. 3 II 19 27 35 . . . 

2. 96 48 32 24 . . . 

3. f M f * 

4" ^ ^ ^ ^ • 


A 

8 


8 A • ■ • 


There is another test which depends on the same definition. If a, b, c are 

successive terms of an H.P., we have seen that - are successive terms of 

. a b c 

an A.P. 

I I _ I I 
b a c ~b 
a — b _ b — c 
ab be 
c{a — b) = a{b — c) 

ac — bc= ab — ac 
2ac = ab + be 
2ac 


b = 


a + c 


The middle term b of three consecutive terms of an H.P; is called the Hamonic 
Mean. The formula for the harmonic mean is a way of testing a series lo find 
whether it is harmonic. 


Example: 


5j i) A* iff • • • 
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Pick on any two terms separated by only one other, e.g. ^ and If the series 
is an H.P- the intervening term ('^) is the harmonic mean. From the formula 
the latter is : 

THF"88 

Similarly we may pick on 5 and -J-. We then get : 

g (5 • i) 

5 + i 

This is again in agreement with the data. 


Ex. 13.4s 

Find the Harmonic Mean of the following numbers : 

I. 3 5. 2. 7 anrf 0.5. 3. — i and + 4 

4. — 3 and + !■ 5-5 14. 6. 7 and 12. 

# 9 }i i|e 

General Formulae for Harmonic Series. We have seen that Hq, Hj, Hg, etc., make 
up a harmonic series, if the following make up an arithmetic series : 


A - jL. A --L- A - -L A -_L 

' tJ » ^ XT S ’^2 *“ TJ • * • TT 

Xlfl -*^1 -*^8 -“« 

Conversely^ wc may write ; 

We shall call A„ the parent series. Now if d is the common difference of the parent 
series : 

A„ = Afl + nd 

Ho 

I n . d , Hq 




H =-^ = 


H„ 


A„ I -j- TzdHo 
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for any H.P. d and Hq are &ced. So the product is also fixed. We may call this 
product K, i.e. 

H,= 


I + K . « 

Example. Find a formula for the series 

5 I i ^ it 

We have already found that this is an H.P. On inversion, we get the parent 


senes : 


Here Aq = i and = -J. 


1 8 15 22 2 9 

55 6 ? 6 5 6 


A._i+ 7 :=i±i 5 . 

5 5 5 

H = 


I + in 

£x. 12.43 

Find a formula for the following harmonic series : 

I* I'i’s 3 J • • • 

2. fj f » A* A • ■ - 

3- h f 5 ^ • 

4- 2 , *3^ . . • 

5 * i^> • " " 


^Difference Formulae, We have previously learnt to use the difference symbol A 
for the amount by which F„ increases when we step up n by one, i.e, 
AF„ = F„^.i - F,,. Arithmetic progressions increase by equal steps of, d (the 
common difference), i.e. 

AA„ = d 

We can obtain a difference equation for harmonic series from the definition 
ofH-. 


W Hq 

" I + K . « 
AH = 


• H — — 

- • -ti-n + 1 ^ 




H„ 


+ K(« + I) 
H„ 


I + K(n +1) I + Kn 
-K.H, 

( I -|- K -j- ICn) ( I “h Km) 


Sook Two 


R 
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I 

Since K and Hq are fixed numbers for a particular H.P. we may replace 1 -)- K 
and KH 0 by two constants A, B, i.e. 

ATJ ~ ^ 

(B + Krc)(i + K«) 

Ex. 12.44 

Test the A formula by recourse to the harmonic series of Ex. 12.43. 


*§ 5. ROTATING THE AXES 

We have now seen how the formula for one and the same curve, the hyperbola, 
changes when we shift the j-axis of the grid to the right or to. the left and the- 
x-axis upwards or downwards without changing the direction. The various 
formulae we have derived do not exhaust all the guises in which we may meet 
a hyperbola. The following exercise shows you another set. 

Ex. 12.51 

Plot the following functions, draw the asymptotes and investigate their relation 
to the grid. 

1. Vx® — 2 3. y=‘\/x^ — iS 

2. y = 8 ' 4. ^ = Vx® — 32 • 

5. j^Vx^^so 



CHAPTER 13 


Puzzle. Corner . 

§ I. PROBLEMS IN GENERAL AND SHARING PROBLEMS IN PAR- 
TICULAR 

Man seems to be the only Uving creature who deliberately sets himself 
problems, getting entertainment from solving them. There are few newspapers 
or magazines which do not contain some land of quiz, brain-teaser, conundrum, 
cross-word puzzle or other form of intellectual entertainment, and their variety 
is legion. The only practical difference between puzzles and other problems is that 
puzzles usually have an element of quaintness, humour or fantasy. They are 
tasks without tears. 

TRANSLATION 

Algebra is a special kind of language ; but most puzzles are expressed in 
everyday language. If we are going to solve them by Algebra we must therefore 
be able to translate English sentences into Algebra sentences, This is the whole 
secret of algebraic puzzle-solving. The words used in everyday language follow 
certain rules which we call grammar. Algebra also has its grammar. We have 
already learnt a good deal of it. We know the words and grammar of English 
and we know the signs and rules of Algebra. All we now need is skill in trans- 
lating from one to the other. Algebra is a special language because one cannot 
use it to say anything whatever. We cannot say: it is a fine day in Algebra; but 
we can say: the pmperaiure on August ist is eighty degrees F^renheit, e.g. : Tj.g = 80®. 
We cannot say: Harry is more generous than Mary', but we can say: Harry gives away 
more than Mary, if we know the signs > {greater than) or {less than) . If Sg 
mean the sum of Harry’s gifts to charity and Sg mean Mary’s, we can write 

^ ... 

Generosity is a quality. A smn of money is a quantity. We cannot add or divide 
qualities; and Algebra is concerned only with quantities. We can use Algebra 
language to answer such questions as : how many?, how much?, how big?, when? (i.e. 
how long after a given time?), where? (i.e. how far from a given point?). It cannot 
, answer such questions as ; why?, what sort of?, how? In our ordinary language we 
distinguish broadly between things and actions. Thus we have nouns and verbs. 
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The other parts of speech simply help to support these two essentials. Thus 
adjectives tell us more about the noun. Adverbs tell us more about the verbs. 
Conjunctions join words and sentences. Now consider the algebraic counter- 
parts of these. Take a simple descriptive statement first. In quality language 
we can be quite vagucj if we wish. In the quantity language called Algebra 
we must be more precise. If we agree that a long road (R) is one of more than 
ten miles, we can write out the following statement in Algebra : 

Quality Language I Quantity Language 

The way was long , | R > lo 

If we define a coU wind as a wind whose temperature is below freezing-point, 
an ir^rm person as a person of medical category G.3, and an old one as over 65, 
wc can translate : 

The wind was cold 
The minstrel was infirm 
and old 

Ex. 13.11. Simple Translations 

Express the following in suitable (i.e. subscript) algebraic symbolism. Where 
necessary make the conditions more than precise. 

1. Father’s age is 50. 

2. Mother is younger than Father. 

3. The box is five feet long. 

4. The length is greater than the breadth. 

5. John has sixpience more than Edith. 

6. The bridge could not take a heavy load. 

7. The water is boiling hot. 

8. The giraffe was eight times as tall as the monkey. 

9. The journey took 15 hours. 

10. The rate at which the bacteria reproduce themselves is 8 times a day. 

* * » * * 

Before translating we may thus have to restate the original sentence, in order 
to make its meaning clearer. The problem must be broken down into simple 
statements which can be directly expressed in Algebra. One peculiarity of the 


T„ < 0" G. 

Hm=G.3 

> 65 
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language of Algebra is that you can choose what symbols you like. They can be 
any letters of our own alphabet, or in any foreign alphabet. We can make up 
new symbols, though it does save effort. to choose symbols (like for father’s 
age) sufficiently suggestive to remind you about what you ate really discussing. 
What you must do is to obey the rules of algebraic grammar. The only signs 
which are fixed are such signs as +, !><,=. These correspond to verbs in quality 
language. For example, take the simple rule for finding the area of a rectangle : 

Multiply length by breadth to get area. 

We express this as follows : 

/ X A = A, i.e. 

The length / 

must be multiplied by x 
the breadth b 

to get = 

the area A 

In the above equation the signs A, A, all correspond to nouns. The signs X, 
correspond to verbs. Sometimes we have to reckon with adjectives and adverbs, 
or phrases which serve as adjectives and adverbs, e.g. the speed of the third train 
might be translated : s^ ; the minstreVs age: A^. Wc have used suffixes all the way 
through this book to distinguish one quantity fi:om another one like it. These 
suffixes correspond to adjectives. Examples of adverbial signs are the super and 

n 

Jttjscript letters attached to S, meaning : add up for all values from i to n. We 

have translated in different places the sign for equality (=) in two senses. It 
means is in some sentences and U) get in others. The difference is more apparent 
than real. We can equally well say : multiply the length by the breadth to get the area 
or the length multiplied by the breadth is the area. 

Wc can add algebraic sentences together: 

Mr. Jones has two sons : = 2 

, Mr. Brown has three sons : ■S'b — 3 

Mr. Jones and Brown together have five sons : + jg = (2 + 3) 

We have added s^ to the left-hand side of the first equation and 3 to the right, 
and this is justified because s^ and 3 are equal. In quality language we cannot 
always do this. Look at these two sentences ; [a) this mouse is a mammal, (6) this 
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mouse is big. These do not add up to the statement: {e) this mouse is a big 
mammal. This assertion is nonsense because the word big by itself has no precise 
meaning. If we substitute six inches long, we can correctly say: this mouse is 
a six-inch mammal. A great deal of puzzle solving depends on combining state- 
ments together, and you must always take care that the meaning of a statement 
is perfectly clear before you try to translate it. 


The Three Steps 

We shall begin with a simple problem about sharing money, and show the 
translation and solution step by step. 

Example: 

Divide 2 /6 between Osbert and Gilbert so that Osbert has half as muck again as 
Gilbert. 


ist step: Choice of symbols and units : 

Let Osbert’s share = x, Gilbert’s =jp. We cannot have mixed units in a 
problem. This is a rule of Algebra grammar. So we reduce to pence. 2/6 = 3od, 

and step: Translation of statements. 

This often means re&aming the original statement. As it stands we cannot 
divide 2 /6. We do not know what to divide it by. On reflection we see that 
Osbert and Gilbert have between them 3od. Thus the sum of their shares is 
3od. This is a statement we can translate directly into Algebra. Thus : 


*+7=30 (t) 

Now Osbert’s share is half as much again as Gilbert’s, i.e. times as large. 
Thus : 

(2) 

3rd step: Solution of equations. 

We have to find one unknown at a time. This means getting rid of the other. 
We have already learnt how to eliminate by substitution. In equation (i) we 
replace a: by I 
Thus : ' 

1^7+7 = 30 2i7=3o 

57 = 60 7 =12 
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Now replace j by la in (i). 

* + i2|= 30 * = 18 

Answer: Osbert has 1/6 (18 pence ) ; Gilbert has i/- (12 pence) 

Check: 1/6 + i/- = 2/6; 1/6 = (i/-) 

Of course this was a very simple problem which you could do more quickly 
in your head ; but the same three steps — ^ymbolim, translation, solution — ^must 
always be followed. 


Ex. 13.12. Simple Shaking Puzzles 

1. Share a guinea between two doctors so that Dr. Bone gets six times as 
much as Dr. Blood. 

2. Share a ton of coal between Mrs. Black and Mrs. White so that Mrs. Black 
gets two-thirds sis much as Mrs. White. 

3. Share ,^4 8s. between two solicitors so that Mr. Twist gets one-fifth as 
much again as Mr. Twiddle. 

4. Two'undertakers, Mr. Moan and Mr, Groan, share the profit on a funeral 
so that Mr. Moan gets ^8 more than Mr. Groan. This makes Mr. Groan’s 
share equal to three-quarters of Mr. Moan’s. How much did each make? 

5. The appetites of Charlie the Chimpanzee and Bill the Baboon are always 
in the ratio of 3 to 7. How would they divide 70 nuts between them? 

6. Two sailors, Sam Salt and Bertie Breeze, steal some botdes of rum. Sam 
finds he has three times as many bottles as Bertie so he gives him i2 bottles 
and they have then an equal number. How many bottles do they steal 
between them? 

7. Two hikers,' Short and Long, share a packet of sandwiches. Short eats two 
more than Long. If Short had eaten one more and Long one less. Short 
would have had twice as many as Long. How many sandwiches were in 
the packet? 

8. Divide 80 into two parts such that the one part is the square of half the 
other part. 

9. The square of a positive number, added to twice its cube makes 21 times 
the number. What is it? 

10. Divide 90 into two parts such that half the- one part is one-thirteenth of 
the other. ‘ • 
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§ 2. PROBLEMS WITH SEVERAL CONDITIONS 

We can now apply these ideas to a longer puzzle. Example: Divide 45/- 
between An^, Betty, Caroline and Daphne so that if we add 2 /— to Amy's share, subtract 
a j— from Betty's share, multiply Caroline’s share by 2, or divide Daphne's share by a, the 
result is the same in every case. 

1st step: Choose the symbols. Let the four shares be a, b, c, d respectively. 

2»rf step: Translate all the information. We know that the four shares add up to 
45. Thus: 

a-\-b-\-c-\-d = 4.') 

We also know that : 


Amy’s share plus 2/- 

a+2 

equals 

= 

Betty’s share minus 2/- 

h —2 

equals 

= 

Caroline’s share multiplied by 2 

c X 2 

equals 

= 

Daphne’s share divided by 2 

rf-r 2 


Each equals sign (=) gives us a separate equation. It is important to 
remember that the number of equations must be as great as the number 
of unknown quantities. 

^rd step; Solve the equations. This means finding the value of each letter separately. 
Since each equation has more than one letter, we must juggle with each 
equation till we get rid of all except one letter. It is best to start with the 
shorter equations. 

a+ n = b ~a a -^4,= b 

Next S — 2 = c X 2 2c = fl + 2 

C=i(fl + 2) 

Next CX2 = d~2 “=2 + 2 

2 

.-. 2(2 + 2) 

Thus we have expressed b, c, d in terms of a ; but 

,2 + i + r + = 45 

fl + ^2 + 4) + -^(2 + 2) + 2(2+ 2) = 45 
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Multiply all through by 2 to get rid of fractions, so that: 

2fl+2fl + 8 + 0+ 2 + 43+8 = 90 
Collect like terms : 

(20 + 23 + 3 + 40) + (8 + 2 + 8) = 90 

93 + 18 = 90 
93=72 3=8 

Now 3 + 4 = i .•.4=12 

<r = J(3 + 2) = 4(8 + 2) c = 5 

«?= 2(3 + 2) = 2(8 + 2) d=zo 

Answer: Amy ^ j- Betty 12/- Caroline 5/- Daphne 20/- 
Gheck : 8 + 12 + 5"+ 20 = 45 ; 8 + 2 = 12 —'2 = 5 x 2 = 20 4- 2 


Next is an example of a puzzle involving a quadratic equation. Ivan, Igor and 
Ivanoff share a certain number of roubles. Ivanqff has as much more than Igor as Igor has 
than Ivan. The product of Ivan’s share with Igor^s equals the total amount. Ivanoff has one 
more rouble than Ivan and Igor together. How many roubles has each? 


1st step: Let the three shares be x,y, z- 
and step: 

1 . How much more Ivanoff has than Igor [z — J>) 

is the same as = 

how much more Igor has than Ivan {y~^) 

i.e. 

z —y =y —X 
or 

X —zy + z=o (i) 

2. The product of Ivan’s share with Igor’s xy 

equals = 

the total amount x -hy -j- z 

i.e. 

xy—x—y—z=o (2) 

3. Ivanoff z 

has . = 

one more rouble than Ivan and Igor together i + * + J* 
i.e. 

■ Z = I + x+y ■ (3) 
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%ri step: By means of (3) we can eliminate z> 

Replace z in (i) by (i + +7) 

(1) becomes 

x—zy-\-i-\-x-\-y=o 
ax —y +1 = 0 

y = zx+ 1 (4) 

By means of (4) we can eliminate _>i, i,e. replace in (2) by ax + i. Thus 

(2) becomes 

x(2x+ i) — X — (ax+ i) — «= 0 (5) 

We can also replace z by means of (3). We then have; 

Z = I + X +y = i+ x + 2xH-i = 2 + 3x 

So (5) now becomes : 

'x(2x 4- i) — X — (ax + i) — (2 + 3x) = 0 
2x* + X — X — ax — I — 2 — 3x = o 

2x® — 5X — 3 = o (6) 

We can solve (6) dther by factors or by formula or by graph. The quickest 
solution is by factors. By factorizing we have : 

(x ~3)(2x+ i) = o 
X = + 3 or — i 

In this puzzle the negative root is meaningless for our purpose. So we adopt 
+ 3 as the value for x, i.e. Ivan’s share is 3 roubles. We easily findj)> and z from 
equations (4) and (3) : 

J>=2X+I = 2.3+I = 7 
«=r + x+j» =1 + 3+7 = II 
Answer; Ivan 3 roubles; Igor 7 roubles; Ivanoff ii roubles. 

Check; 

(Ivanoff’s share) — (Igor’s share) = z —y 

= II -7 = 4 

(Igor’s share) — (Ivan’s share) =y ~x 

“ 7-3 = 4 ' 

(Ivanoff’s share) = ii = i + io=i + (3 + 7) 
which is one more than Ivan’s and Igor’s shares together. 
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Reminder 

A number of special arithmetical terms continually recur. You have learnt 
them all ; but it is useful to have them aU together, in one list. 

The mm of x and^ is (* +^). 

, The difference of x and is {x —ji) or (j> ~x). 

The product of x and^y is * X J = ^ = * . jy = *(_y) 

X 

The quotient of x by j is x i.e. 

The digits in a number are the unit values of the figures. Thus 3582 means 
3000 + 500 +80 + 2 but the digits are simply 3, 5, 8, 2. TTais the sum of 
the digits is 3 + 5 + 8-f-2 = i8. The product of the digits is3X5X8X2 
= 240. 

Half as much again means times. 

As much again means twice. 

A multiple of x means nx in which n is a whole number. 

An integer means a whole number, e.g. 7, ig, 24. 

A factor means an integer which divides into another integer without a 
remainder. 

A. prime {pv prime factor or prime number) is one whose only factors are itself 
and I, e.g. 2, 17, 23. 

Unity means i (one). 

Even numbers are those which are divisible by 2, e.g. 2, 12, 30. 

Odd numbers are not divisible by 2, e.g. 5, 19. 

Consecutive numbers are two or more numbers each differing from its neigh- 
bours by unity, e.g, 6, 7, 8, 9. 

The square of a number means the product of a number and itself, e.g. 

4® = 4 X 4 = 16 

= xX X 

The cube of a number means the repeated product of a number with itself 
and itself again, e.g. 

5® = 5X5X5 = 25 
rfi = X y. X X X 

An' operation means any algebraic process which we perform on a number, 
e.g. multiplication. 
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r,. rfan ?r=Ti 

dSn“’s the tavcise of m.,l.ip!ha.i«n. B„l>uer.tio» h fc 
Tt akSn The iu^s. of IHo inverse give. »s -he ..-g-nel optnue„ .g 

h the mveiee ofthe «,t.are and the * «»< h the invened 
the cube, e.g. V? = 3 and -^64 == 4. 

Pit IQ 21. Habder Mixed Problems 

•■ S.'Si'jss'iss; S" isSfi 

3 Walei heats Scotland at rugger by 4 points. Wales '“[[”2 

® goat again as Scotland, Scotland scores half ns tnat^ ' 

How many goals and tries did. each score uud wIiaI » . tv, 

4. Egbert and Osbert are playing a CMd gsW. ‘Pin’ 

start with equal numbers. Egbert wins iH iKans Irtun ■ 

wins enough to double what he has left, 'rheii Egbert ‘ How many 

has left. Egbert now has as many dozens as C.lslu rt it*"* 
beans has each at the end? t i.tW 

K. What year was this: the four digits add up to romfli 

* Zm of the fat and fourth: hall the sum of the ««• .''“‘‘JJ 
equals the third which is also equal to the sum thr b>«r it ; 

6. In a family of sons and daughters each son has as 
he has brothers, but each daughter has just as many hro 
How many of each are there? . 

y. What odd multiple of 5, less than 100, equals 5 liners the sum ^ * 

8. I have a square cabbage patch, the cabbages Vriug equidly 
ways. I remove the outer row all round the stpiare and coun 
are 332. How many cabbages axe there? . ^ 

■ 9. A shepherd puts his sheep in three pens. In onr therr 

a quarter of the flock. In the next were tliree mote than UaU m t 

In the third pen were six more than in the fust, How many » cep 
. he altogether? 
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10. Of six consecutive whole numbers the product of the last three exceeds 
the product of the first three by 8r6. Find the numbers. 

Ex. 13.22. Number Puzzles 

1. A certain number when diminished by i and multiplied by 12 gives one 
less than the square of the number. Find the number. 

2. The sum of the half and the quarter of a number give the cube of the 
quarter of the third of the number. Find the number. 

3. The quotient of the square of the sum of the digits of a 2-figure number 
by half the square root of the number gives 25. Find the number. 

4. The sum of the digits of a 3-figure number is the product of the last two 
digits. The first, third and second digits, when rearranged in that order 

■ are consecutive. Find the number. 

5. The famous mathematician, Augustus de Morgan, was x yeats old in the 
year x®. He died in 1871. When was he born? 

6. The sum of the digits of a 2-figure number is 12. The square of the second 
digit equals the cube of the first. Find the, number. 

7. The product of three consecutive integers is one-twentieth of the product 
of the next three consecutive integers. Find the six integers. 

8. Find a number the square of whose half equals the cube of its third. 

9. Find the sum of all numbers less than 100 which are not divisible by 3. 

10. What is the least whole number by which 1,925 X 3,465 X 4,032 must be 

multiplied to give a perfect square? 


§ 3. PROPORTION 

There is a rich crop of trench-digging, hay-eating, tank-filling problems, all 
concerned with proportion. 

The basic rules of proportion can be combined in an equation. ’ 

If is directly proportional to b„ c„, rf„, etc., and inversely to w^, x„, y„, : 


Similarly : 




. d^ . . . 




w„.x„.y^.z„ 
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If we combine the above, we get the most general rule : 

Qrft ^ ‘ym ' • • • 

Qbb • • • “*<i • *b - A ■ ■Zii • • • 


To apply the rule we have merely to sort out the various quantities involved 
•into two groups, having direct and inverse proportion, respectively, and con- 
struct our equation accordingly. This is a hard example : 

100 mn, in 6 days of 10 hours each, dig a trench 200 yards long, 3 yards wide,. 
2 yards deep. How many days of 8 hours each will it take 180 men to dig a trench 
afo yards long, ^yards wide and % yards deep, if the ground in ike second ease is harder 
than the first in the ratio 7 : 5, and 5 men of the second gang work as hard as 6 men 
in the first? 


Our symbols with appropriate 

No. of men = h 

No. of days = d 

No. of hours = h 

Hardness factor = r 


subscripts will be ; 

Length of trench = I 
Width of trench = w 
Depth of trench = t 
Men’s strength = s 


Given we have to find d^. 

Factors making for an increase in days required are: I, w, t, r, i.e. d is directly 
proportional to I, w, t, r. 

Factors making for a decrease in days required are : n, h, s, i.e. d is inversely 
proportional 'to n, h,s. 


The formula is : 

_ Ig • . fg . Tg ^ ^1 0 • hiQ . s^Q 

dxo liQ . w^Q . . r-^f, n^, h^, jg 

Now substitute numerical values : 


<fg _ 360 . 4 . 3 . 7 100 . 10 . 6 

6 200 .3.2.5 180 .,8 . 5 

{days). 


Percentages. A percentage is a convenient device for persuading people 
to deal with decimal fractions without realizing they are doing so. It is important 
for most people to feel that they are handling manageable numbers, and they 
feel for some reason that up to, or a little beyond, loo, they are at home. Also 
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for many purposes an accuracy of about i in 100 is good enough. So by using 
percentages we can deal in whole numbers with quantities which are really 
fractional. Mathematically there is no point in percentages at all, and decimal 
fractions are preferable. 

r. To express one quantity as a percentage of another. Let the two quantities 
be a, b. 

{I 

Then p — 100^ is the required expression, 
e.g. What percentage is of £^2? 

/,=,ioo.^ = 75% 

2 . To evaluate a percentage. 

e.g. What w 75 % of £^2? Here we change the formula round: 


lOOj-# 


Thus 


a = 


loofl = pb 

_ £75 ■ 3g 


a = 


It 

100 


100 




3. To find the quantity which a given quantity is a given percentage of. 
e.g. Wkat quantity is £2^ 75 % of? Again changing the formula we have 

ut L 

pb = lOOfl b = 

P. . 

» ^inn . OA 

Thus 




75 

4. To find what is left after losing or gaining a given percentage. 

In the above example, if we lose 75% of £'^2^ we lose £2/^ and are left with 

32 - 84 = 8, i.e. 3^8 


We write 


Similarly for a gain : 


K,= h — 75% oib = b — a 

100 V 100/ 

A,= ifi 

* \ • 100/ 
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5. To find what percentage gain or loss leaves a given amount from another 
given amount. We have 





bp = ioo(Aj — h) 

P == ^ 

p = — A,) for a loss 


6. Repeated percentages. 

Suppose a quantity loses or gains p %, and the amount left loses or gains p %, 
and so on repeatedly. What is the amount? Tliis is the Compound Interest 
problem and we shall consider it in more detail in a later chapter. Meanwhile 
here is the formula. 


Loss. 


1st time iAi= h\i ^ ) 

\ 100/ 

and time a(i - ^) = »(■ - 5^)’ 

3rd time A- a(' - 4) = »(' - ^)' 


nth time 


-)■ 

100/ 


For a gain. 


ime „A; = — 


Example. 

Air is being pumped out of a flask by an air pump, Each stroke removes 95 % of the 
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air. How much remains in the flask after 6 strokes, if the original amount of air weighed 
2 grams? Our symbols are : 

b = 2 ^=25 n = 6 

729 c 

Thus 0-356 grams of air are left after 6 strokes. 

This formula covers a wide range of problems of repeated loss or gain. 


Ex. 13.31. Mixed Money Problems 

1. William starts a job with a salary of ,^^225 and an annual rise of fTliof-. 
Henry st^ts at ^^150 but has an annual rise of £20. In how many years 
will Henry catch up with William ? 

2. Mr. Brown is a heavy smoker. Over a period of 10 years he spent £300 
on tobacco. In the second five years he spent twice as much as during the 
first five. years. What was his average monthly expenditure on tobacco 
during the first five years? 

3. A man has a sum of money, an exact number of pounds. He spends a 
quarter of it one week, a quarter of what is left the next week, and so on 
till he has ,^81 left. How many weeks is it since he started, if he always 
spends an exact number of pounds? 

4. I buy a pair of slippers, two hats and three shirts for £4.. The two hats 
and three shirts cost as much as three pairs of slippers. The three shirts 
cost as much as the two hats. What is the price of each item? 

5. I am buying cutlery. I have 33/-. With this I can buy either 6 forks, or 
4 knives and 3 spoons. If I had 3/- more I could buy 8 knives. What is 
^e price of a spoon? 

6. A fiimiture dealer undertakes to supply 200 chairs at 28/— each. He then 
finds that his stock is not enough, and buys some more. The old stock 

Book Two S 
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cost him 2i/- each, but the new lot cost him 32/- each and he loses ^18 
on the deal. How many chairs did he have to buy? 

7. A man leaves half his money to his son Henry, and divides one-third of 
it between his three daughters Anne, Betty and Caroline in the ratio 
3 : 2 : 1. He leaves ^^500 to a fiiend and divides the residue between Betty 
and Caroline in the ratio 4 : i. If Caroline’s total comes to ^£6,500, how 
much do each of the others receive? 

8. By a man’s will his three sons, in the descending order of their ages, get 
one-third, one-quarter and one-fifth respectively of his money, and the 
widow gets the rest. The widow, dying not long after, leaves her share to 
the three sons in equal parts. Altogether the youngest son gets £4,900. 
What does the eldest son get? 

9. A man sells a car for £i'7i and loses 10% of what he gave for it. How 
much did he give? 

10. £243 is (75%)® of how much^ 

Ex. 13.32. Weights and Measuses 

1. Two carpets Have the same area, 400 sq. ft. One is 5 feet shorter but 4 feet 
wider than the other! Find the length and breadth of each. 

2. The dimensions of a rectangular block are in the proportions 3:4:5. Its 
volume is 43,740 cub. in. Find its length, breadth and height. 

3. A rectangular courtyard is exactly 24 yd. i ft, 4 in. in length and 22 yd. 
broad, and is to be paved exactly with square stones all the same size. 
What is the largest size of stone that can be used? 

4. Reduce 4 weeks 3 days 17 hours 27 minutes 27 seconds to seconds. 

5. Reduce 456,000 cub. ft. to cub. yd. 

6. In 385 tons of dynamite there are 2 tons of coal-dust, 260 tons of clay and 
the rest nitro-glyceiine. What is the percentage of nitro-glycerine? 

7. A child is weighed, and six months later he is weighed again. His weight 
■is now 69 lb. and he has lost 8J%. If he had gained 84 %, what would 
Ws weight have been on the second weig hi ng? 

8. Three gallons of one spirit contain 7% of water. One gallon of another 
contains 1 1 % of water. Thesi two are mixed and half a gallon of water 
added. What is the percentage of pure spirit in the new mixture? 

9. A trench 220 yards long, 3 wide and 2 deep, is dug by 240 men working 
5 days of II hours each. How many days of 9 hours each will it take 
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24 men to dig a trench 420 yards long, 5 wide and 3 deep, assuming 
equally hard ground and equally hard work? 

10. There are two kinds of gas burners in a house and five of one kind bum 
as much gas as six of the other in a given time. Five burners of the first 
kind burning for 5 hours each evening for 10 days cost 4/3. How much 
will 75 bumen of the second kind cost burning for 4 hours every evening 
for 15 days? 


§4. PROBLEMS OF TIME, SPACE AND MOTION 

One popular class of puzzles depends' on the difficulty of dealing with people’s 
ages, unless we refer all our units of time to some fixed point, e.g. the present. 

Example i 

Father is 4 times as old as John. Five years ago he was 7 times as old as John was then. 
How old is each now? 

Five years ago everyone was 5 years younger than he is to-day. Thus ago is 
translated by minus. Similarly hence is translated by plus. 

Gall Father’s present age/ ^d John’s present age j. Then we can translate 
the first statement: ' 

/= d 

Five years ago Father’s age was (/— 5) suid John’s age was {j — 5). So we can 
translate the second statement: 


(/- 5 ) =f 7(i-5) 

Thus we have two numbers to findj / and j, and two equations. Throughout 
both equations / and J mean the ages of Father and John now. 

/=4j; (/^5) = 7(j-5) 


We can solve them by getting rid of one number and solving for the other. Put 
4j in place of/ in the second equation. 


Then 

Solve this equation : 


(4i-5) = 7(j-5) . 


4i-5 = 7i-35 
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Collect and transpose terms : 


7i-4j=35-5 

3j=30 j=io 

Then since 

/= 4J /= 40 

Father is 40 and John is 10 now. Check; Five years ago Father was 35 and John 
was 5. And 35 = 7 X 5. 


Example a 

In three years time Harry will be as old as John was three years ago, and if John were 
three years older he would be three times as old as Henry was when he was three years younger 
than he is now. 

We have here two statements about John’s present age (J) and Harry’s present 
age (h ) : The first is : 


-Harry* j age ^ years hence 

A + 3 ' 


is the same as 

=5 

► A + 3 =J — 

John^s age 3 years ago 

The second statement is : 

J -3 . 


John^s age ^ years hence 

J + 3 1 


will be the same as 


' + 3 = 3 (A 

three times 

3 X 

Harry s age $ years ago 

A -3 J 


The first equation reduces to : 



h^j^e 

or J = A + 6 

The second to : 



3A =j 4- 12 or j = \ 

Of 

)-i 

1 

CO 

.-..SA- 

- 12 =;= A + 6 


ah = 18 


Hence A = 9 and J = 9 + 6 = 15 

Thus Harry is now 9 years of age, and John is 15, Check this yourself. 
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Chain Statements 

Some puzzles take a rot of unravelling. They may contain a long chain of 
conditions and it is a challenge to your ingenuity to sort them out. In the following 
the key to the whole thing is that we have to work backwards. 

Mr. PhUetrm K. Homer and his wife Baucis are an elderly couple. Philemon is twice 
as old as Baucis was, when she was twice as old as he was, when he was twice as old as 
she was, when she was three times as old as he was, when she was bom. Baucis is now 
three times as old as Philemon was when they were married. At that time Baucis was so. 
How old is each now? Let 

p = present age of Philemon 
b = present age of Baucis 

The information given shows that P. is older than B. He was already a 
certain age when she was bom. Hence P. is {p — b) years older than B. This 
difference holds throughout their lives. Therefore when B. was born, i.e. when 
her age was 0, P. must have been (p — b) years. Twenty years later, when they 
were married, B. was 30, and P. must have been (^ — 6 + 20). We are told that 
B. is now 3 times as old as P, was when they were married. B. is now b years. 

l> = i{p ~b + 20) 

J = 3/)— 36 + 60 
46 = 3/ + 60 

6 = + 15 (i) 

* 

Now let us work backwards through the statement, translating it step by step 


into algebraic terms. 

Date Statement 

age 

P.'s age 

I. When she was bdm, she was : 

0 

— 

he was : 

— 

[p-b) 

2. When she was 3 times as old as he 
was, at date (i), she was: 

3 (^ - &) 


3. When he was twice as old as she was, 
at date (a), he was: 

— 

%[p-b) 

4. When she was twite as old as he was, 

■ at date (3), she was: 

1-t 

1 

0- 



5. P. -is twice as old as B. was, at date 
(4), therefore P. is : 



HiP — 

Thus P.’s present age is 24.{p — b]. But we called his present age p. 

.-. p = 2 ^{p - b) 

• • • 

m % 


(2) 
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Substitute the value for b obtained in equation (i)i 

p = 24[^ - [IP + 15)] = H[\P - 15] = 6 /» - 84 . 15 
5/» = 24 . 15 /I = 24 . 3 /> = 72 

72 = 24(72 — b) 

72 = 24 . 72 — 24& 

24* = 72(24 — i) = 72(23) 

b = /. * = 69 

Thus Baucis is 69 and Philemon is 72. 

Check this yourself. 

Clock Problems. — Let us now express the behaviour of the clock in formulae. 
First notice that the hour-hand is the really important one. The minute-hand is a 
refinement. You could tell the time near enough for most purposes from the 
hour-hand alone. This moves round the dial once in 12 hours, i.e, 360° in 1 2 hours, 
i.e. 30° an hour. The space between one hour-mark and the next is divided into 
5, markihg out minutes for the minute-hand, but the hour-hand moves over these 
5 divisions in one hour and therefore takes 12 minutes for each division. The speed 
of the hour-hand is ^i^^th of the speed of the minute-hand. Each of these minute 
divisions, being -J^th of the hour ^vision, is 6°. Thus : 

Speed of hour-hand = per minute, 
i.e. 2 minutes per degree. 

Speed of minute-hand = 6° per minute, 
i.e. 10 seconds per degree. 

Our formulae are as follows : 

Let % = speed of hour-hand = per minute 

% = angle turned through in t minutes 

flu 

— = i or % or ^ = 2% 

V 

Jjj = speed of minute-hand => 6“ per minute 
^ = 6 or aj^=' 6 t or t~^ 

j t o 
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Example i ; 

When the minute-hand moves through one right angle, how far does the hour-hand move? 
We can solve this in two ways, 

I. Speed of hour-hand = ^ speed of minute-hand. 

Distance travelled in equal time = -j^th. 

Hour-hand moves ^ of go°, i.e, 7^“. 

3. In 15 minutes the minute-hand moves through 90°. In 15 mmutes the hour- 
hand moves 15 X = 7^. 

Examples: 

How long after 3 o'clock will it be till the mrmte-hand overtakes the hour-hand? 

At 3 o’clock the hands are 90° apart. When the hour-hand moves /ig the 
minute-hand must move (90 + %)° 

flM = 90 + aH 

6i = 90 + i^ 

5ir^=90 ••• ^ = 

Thus the two hands coincide at 16^ minutes past 3. 

Ex. 13.41. Aqes and Clocks 

I. A father is three times as old as his son. Five years ago he was five times 
as old as his son was then. How old was the father when the son was bom? 

a. When the figures of Mr. Jones’s age are reversed we obtain Mrs. Jones’s 
age. The sum of their ages is 1 1 times the difference and he is the elder. 
What are their ages? 

3. Diophantus passed -J- of lus life in chUdhoodj ^ in youth and ^ more as 
a bachelor. Five years after his marriage was bom a son who died four 
years before his father at half his father’s age. (Quoted in Vera Sanford’s 
Short History of Mathematics,) How long did Diophantus live? 

4. In the Rudelsheim family there were two boys- and three girls. Ike is 
twice as old as Ruth. The combined ages of Esther and Ruth are twice 
the age of Ike. The combined ages of Ike and SoUy are tmce the com- 
bined ages of Ruth and Esther. Hannah is '21. The combined ages of the 
three girls are twice the combined ages of the two boys. Find the ages of 
all the children. 
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5. Jack is twice as old as Jill was when Jack was half as old as Jill will be 
when Jill is three times as old as Jack was when Jack was three times as 
old as Jill. The sum of their ages is 44,. How old is each? 

6. It is 11.15 clock. How long is it since the two hands were- last 

exactly in Ime, and how long will it be till they are in line again? 

7. How long after 6 o’clock is it till the hands of the clock coincide? 

8. Two clocks are correct at i p.m, on Wednesday, December 1, 1943. One 
loses 8 seconds and the other gains is seconds in 24 hours. On what day 
and at what time by each clock will one be exactly one hour in advance 
of the other? * 

g. It is now between 7 and 8 a.m. Between i and 2 p,m. this afternoon the 
hands of my watch will have exactly changed places. What is the time 
now exactly? 

10. A dock loses 10 seconds per hour and is set right at g.15 a.m. on Monday. 
What will be the correct time when its hour and minute hands point 
exactly opposite between- 9 and 10 p.m.? How must the hands be altered 
at noon on Tuesday so that the clock may show correct time? 


Motion. — ^A body moving at a steady speed covers equal distances in equal times. 
Its speed is the distance which it moves in one unit of time. The latter may be taken 
as a second, a minute or an hour. A body travelling 40 ft. per second covers 
80 ft. in 2 sec., 120 ft. in 3 sec., and so on. Thus the distances covered in r, 
2, 3, . . . sec. form an A.P. 40, 80, 120 .... And the distance divided by the 


. , 40 80 120 

time IS always the same : — = — = — 

123 


We call tliis ratio the speed, j, and 

this gives us a formula in which t = time in seconds, and d — distance in feet. 
Simple problems of steady motion can be solved by this formula. The units, 
of course," may be feet, yards, miles, seconds, minutes, etc., so long as we stick 
to one or the other. 


d 


or d= St 


or 


,=i 

s 


Example 

Two trains set out towards each other simultaneously from different stations i8o miles 
apart One train travels at 45 the other at 60 mpM. When and where do they 

meet? 

The important point in problems of this type is that the time is the same for both- 
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Let d = distance of meeting-point from one station. 

(i8o — d) is the distance from the other station. 

One train travels a distance d in time t at a speed of 45 m.p.h. 

d 

••• j = 45 •*. fl = 45i 

The other train travels (180 — d) miles at a speed of 60 in time t. 

180 — d - 

. — = DO 

¥ 

From the preceding equation d = 45#, we have ■ 

180 — „ 

= 60 180 — 45# = 6of 

12 ^ 

105# == 180 t = — = I- 

0 ■ '77 

Since d = 45# 

= 45 X y = 77^ 

Thus the time is if hours later and the distance 77f miles from the first station. 

Si . >|i * >i> 

Problems of flow are very similar to problems of motion of bodies. If water 

flows along a pipe at the rate of 8 gallons a minute 8 X 12 gallons will have 
passed in 12 minutes. Thus if is the total volume of water, t is the time and 
r is the rate of flow, the formula is : 

r = - or t =- or v = rt 
t r 

When the motion of one body is measured in relation to that of a body which is 
itself in motion we have to add or subtract the speed of the second body to get the 
correct speed of the first. Thus an aeroplane fiying at 160 m.p.h. against a head 
wind of 50 m.p.h. is malcin g a speed of only 1 10 m.p.h. as measured from the 
ground. Similarly a ship which can travel at 25 m.p.h. in stiU water would make. 
32 m.p.h. (or knots) if moving with a current of 7 m.p.h. 
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Ex. 13.4a, Motion Problems 

I. A walker sets off from Barchester at 3^ miles an hour. A cyclist sets off 
half an hour later at 10 m.p.h. from Dorborough which is 40 miles away. 
When and where do they meet? 

a. An express train travelling at 60 m.p.h. passes through a station just as a 
goods train travelling at 34 m.p.h. passes in the same direction through 
another station 6 miles ahead. In how many minutes will the express 
overtake the other, and how far from the second station? 

3. A motor-boat which can travel ai m.p.h, through still water gpes on a 
journey up-river and back again. The journey up-stream takes twice as 
long as the journey down-stream. How fast is the river flowing? 

4. A cyclist rides at 8 miles an hour from Ayton to Exton. He returns, with 
the wind behind him, at la m.p.h. The whole journey there and back 
took 5 hours. How long did the journey there take him, and how many 
miles was it? 

' 5. There are 900 people at an exhibition and two turnstiles for letting them 
out. If one is stiffer than the other and lets 40 people per minute less than 
the other pass through, how long would the stiffer one take to pass all 900 
, . if both together can do it in 10 minutes? 

6. An aeroplane travelling at 24a m.p.h. passes a train moving in the same 
direction at 60 m.p.h, If the aeroplane takes if secs, to pass the train, how 
long is the train? 

7. Three wheels revolve at different rates, the first doing 40 revolutions in 
one minute, the second 5a revolutions in 3 minutes and the third 60 revo- 
lutions in 7 minutes. Find the least time in which all will have made 
exact numbers of revolutions and the numbers of revolutions made by each 
in that time. 

8. Tom can beat Dick by 50 yards in a race of 1,000 yards. Dick can beat 
Harry by 100 yards in a race of 1,000 yards. By how far could Tom beat 
Harry in 1,000 yards’ race? 

9. Guns are being fired at the rate of one every a minutes. A man travelling 
towards them hears the tenth explosion 17 minutes 50 seconds after the 
first. If sound travels at 1,100 feet per second, how fast is the man travelling? 

10. Two ecjual boats set off towards each other firom two points on a river 
18 miles apart., The current is if m.p.h. and the boats can do 4 m.p.h. in 
stfll water. When and where will they meet? 



Additional Exercises 


Grateful acknowledgment is made to the following for permission to reproduce 
questions from recent School Certificate papers : 

The Central Welsh Board (exercises marked C.W.B.). 

The Northern Universities Joint Matriculation Board (exercises marked N.U.S.C.). 

The Oxford Local Examinations Delegacy (exercises marked O.S.C.). 

The Oxford and Cambridge Schools Examination Board (exercises marked 
0 . 0 ,S.C.). 

The University of London (exercises marked L.G.S.). 

The numbering runs on from that of the corresponding exercises in the text, but is 
not consecutive, as the exercises given in the text will in some cases provide all the 
practice likely to be needed. 


Ex. 9.31 


Make fully labelled charts similar to Chart 57 for each of the following equations. 
Check the graphical solution by algebra. 

6. 2J)l = 4* + 7 

II. ajv = - 5* - 3 

7. 3j) = 6x + 4 

12. j= + 2*5*+ 1-5 

8. ay = — + s 

13- 4 > = 3 * - 7 

9 - 3 y=- 5 X -4 

14. 5j) = 2* — 6 

10. ay= — 5X + 6 


Ex. 9.32 


Solve the following equations by graph, reducing — ^where necessary — to standard 
form. Check solutions by algebra. 

3 4 

y — 1 « — * 

2 3 

+ 

11 

y — 1 

^3. , =4 

8. + 0'4Af = a 

9 - K.? - 3 *) = I 

14. * — - = i 

t y t 

10, 5# aCy - i) 

11. ^{x -y) => a(f - x) 

15 - y = A(i - *) + ifit (* - 0 
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Ex, g.41 

Find the simultaneous solutions of the following pairs of equations, (Reduce to 
standard form where necessary. Check by substitution.) 


II, + 4 == 0 

— = 4 


12^ — y , 2;tf — 3 

I=.-^ + -^ = 0 

15 ^ 30 ^ 


13* = y + 33 



16. a(2x —• 3y + a) = X +JI — 6 

4(* +y ~ 7) = 3(* -y + 2 ) 

17* 5(3* - 4JI’ + 2) = a(7^ - ay - 2) 

3* + 4J> gj; 4 - 5.y + 3 
5 10 

18. * + =^ = 6 

4 5 

+8=J+^ 

23 3 


14. 


gA! + 3J|) = 15 



19. 3a; — 2y + : = o 
^ + jy ^ 3 ^ — 8j» 
a 5 


15. * + == I 

3 (^ -^) 


10 


-J* 


20, sji — 2 a; = 3 
j = 15A; - 14 


Ex. 9,52 

11. Solve the equations (gi’aphically or otherwise) : 

4 * — 3 JI'=— 8; 3* - 7= —, a (C.W.B.) 

4 

12. Solve the equations: 

^_L^=o; 4^ = 7 - 2 j- (aW.B.) 

13. Solve : 9Af + 6j = 4 a; — 9JI = 14 (L.G.S.) 

14. Solve: j = 5 (^ + 4) ^ ^ ji + 3 

o 2 

15. Solve: = 3 (a: - 2y) = 5(3a: — 3) 

4 

16. Solve : 2 a: + j. = 3 ; x + ay = 4. (N.U.S.O.) 

17. Solve : 4* + 30J1 =5 ^{a! — 3j)i) j 14A: — 54j» + 155 = o 
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18. Solve: 

19. Solve: 

20. Solve: 

a I. Solve: 

22. Solve: 

23. Solve: 

24. Solve: 


x+ l^y = zl —X — zyi 19(3* —y) = 539^ 
37‘5 * - 15;’ = 7-5; 0-14* 4-o-o7j = o-9i 
JS r(5« + zy) = X +y = 2x + sy -{■ 1 

+ 3JK _ ^ _ 5* -.y - 4 
5 a 

7a; — 4;> — 12 ^ ^ ^ gx — 6 y — 13 
3 5- 

9 X — ^ = y, I ia; — ^ = 7 + sa: + 3ji; 

0 

6 a; + 3jy - I _ 3^*^ + 3.y + g ■ 3(5^ + 4jy) . 

3 5 ’ 13 


25. Solve : 


IQ + 5^ — _ ?,y + x 

49 35 


izx + i5ij)>= 


m 


Ex. 9.53 

Solve the following : 

11. 3* + J" + '2 == o 
* + J* 4" ■2 — g 

X + zy + = ^ 

12. X + y z = 10 

a; + 4JV + 2« = 21 
zx + ^y + 3Z = 27 

13. 2* + 3^1 + 2« = — 2 

5a; — 6ji — 6^ = I 

14. 2a: + SJ* + g'?: = “ g 
3 a; + — 52 = 14 
5(a: -y) = I 

a: + « + 2(j)' + 10) = 0 
X + 7 = - (J' + g) 

16. 3* + 2J) + 5« = 1 1 

X — 3y + Z = 9 
2* + 3^ + 32 = 3 


2* — ji + « 

17. f^=g 

3 x+y ,_ I a:-j> 

3a: + 2j> + 2,j = 10 

18 3^ = 2g +JI + 2 

^ ■ 3 " 5 . ' 

a: + J’ + 2 = 6 

3(« -J’) + 2 =j) — 2 
19. a: + 3JV + 24: = 4 
“-f 

3Ar —y — = IQ 

QO, + 2JV + 4? = I 

, . V 20-?; + SAT ~ 4JJ 

4(* 4-^) = 6 

4- 4 = 5* 4- 4JV 4- 84: 
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Ex. lo.ii 


Write down the values of the constants Fq, 

a and b for: 

4. in Chart 9. 

10, M„ in Chart 114, 

5. in Chart 9, 

II. aS„ in Chart 115. 

6. in Chart 10. 

12. T^^gin Chart in. 

7, F„ in Chart ii. 

13. in Chart 6. 

8. in Chart 24. 

14, P„ in Chart 20. 

9. C'„ in Chart 4« 

‘ 15. in Chart 20. 

Ex. 10.12 


Construct numerical series from n — 5 to « = 5 for the following quadratic 

functions. Make histograms based thereon, and construct a difference table like flie 
above for each. Choose a vertical scale suitable for each. 

6. F„ = + 2» + I 

II. F„= (n-3)(/t-4) 

7. F„ = «* — 3« + a 

12. F„ = (n - 4)(n + x) 

8. F„ = 5^* 4^ 

13* ~ i(«® - 3« + a) 

■9. F„ = 7n® - ion + 4 

14. F„ = 8n® — 8n + 1 

10. F„ = an® — an + I 

15- Ffl *= (an — i)(n + 2) 

Ex. 10.23 


Plot the parabola y = with the following points for origin and write the new 
> equation for each in both the familiar and the disguised form ; ‘ 

6. (4,0) 

9. (- 2i - 5) 

7* (3= 4) 

8. (Ii 2) 

10. (3-6, 4-2) 

Ex. 10.24 


Change the following equations to the familiar form and so locate the vertex. Then 
plot the graph. 

6. = *® + 4* + I 

II. 2^ = 2 X^ + 4Jr + 2 

7. — 8* + 19 

12. y =^ x^ + 6^+10 

8. ^ = *» — *+ J 

13. y ^ x^ -- 12X + 38 

9. = A!® + ax 

14, y SSZ ^ lox + UO 

10. j? = X® — X + I • 75 

15. _v = at® - 1 + f 

• 
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Ex. 10.31 

Plot the following quadratics by changing scale and origin and using the stencil : 

6. 4*® + * — 3 II. 7*® + io;e — 8 

7. 3*® — * — a la. 3^;® + 7^ + 4 

8. a*®.+ a; + a 13. a*;® -[- a: — 3 

9 - 5 ®’“ + 13* + 6 14. 4A(® + i5A( — 4 

10. aAi® + 7A( + 6 15. 3Ae® + iiAf + 6 

Ex. 10.33 

Test the following for real roots by the formula. Plot graphs by stencil. Where roots 
are real, find l3iem from the graph. Check by formula. 

11, lOAc®— iiA?+i 16. i8a{® — 57A! + 35 

la. i5a;® + 12A! + 5 17. aoA!® + siAt + ay 

13. 15A;® + 28aj — 3a 18. aoAf® + iiA( + 5 

14. igAt® + iiAf + 17 19. i5as® + 7a: + 6 

15. ioa:® + 5* + i ao. qa;® + Ga? + 7 


Ex. 10.41 

Draw graphs similar to Chart 64 of the following quadratics, starting with the 
three values shown. Plot 10 points for each parabola. 

6. j = Jac® a: = o, a, 4 

7. j' = Ja:® a: = o, — 3, — 6 


8 ..y = 7 

9. = i*® — 3* + 8 

10. y = lOAj® — 7 a: + a 


a: = 0, — a, — 4 

a; = Oi a, 4 
X = 0 ,-h)^ 


Ex. 10.51 

Draw diagrams like the one in Chart 65 for : 

6. a:® + 8a; — ao ii. a:® + a: — 2 

7. Af® + i2Af + 3a 12* a:® i^x + 36 

8. *® + 2Ar — 8 13- + iiAf + 10 

9. a:® + 5* ~ 12J *4- ** + *5* “ 34 

10. A«® + 9A( + 8 
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£x. 10.52 
Draw rectangles 
of the net area over 

II. (+4- 5) X (+3 - a) 
la. (+ s - 6) X (- a - 3) 

13- (+ 5 - 3 - 4) X (+ 3 - a) 

14- (- 7 + 5) X (- 3 + 0 

15' (— 6 + 4 — 3) X (+ 4 — 5 + a) 


the following areas. Write the value 

16. (-9 + 7) X (-7 + 9) 

17- (-9 + 7 - 2 ) X (-4-3+3) 

18. (+ 6 -I- a — 3) X (— I + a) 

19. (— 6 - 2 + 7) X (~ 4 + a - 3) 

20. (7 + a - 4) X (- 4 - r + 3) 


as in Chart 66 to represent 
cadh. rectangle. 


Ex. 10.62 

Repeat titc processes carried out in examples 1-4. for the following: 

6. Give s the values 7, 8, 9, 10 in the formula 

;?„ = I + (j — i)(n — i) + (j - 3) . T„_a 

7, Give s the values 7^ 8, 9, lo in the formula 

Ex. 10.71 

Obtain the simultaneous solutions of == ** with the following linear equations ; 


ii.jV = 4 
la. j> = 9 
13. = as: + 3 


14 .^- = ^-* 

= f + i 

4 


16. jc = — ^ + 1 

o 

17. - 5^ 

18. _>> = — 3X — 2 

ig- 5J»'+ iaA: + 4 = o 

20. 8ji + 2;if — 3 = o 


Ex. 10.73 

11. Dtaw the graph of*i^f(i3 — 2;c) between x ^ 0 and x ^ 6^ talcing the side of 
one large square along each axis to represent one unit. 

Find from your graph, as accurately as it will allow, the roots of the equation 
A?(i3 — 2x) = 19- (O.S.C.) 

12. Draw the graph of^ = gx — x* plotting points at half-unit intervals of x from 
X = — 0 • 5 to X = 3 • 5. (Take one inch for unit on both axes.) 

From your graph find : 

(i) The roots of the equation 3* — x® — i = o. 

(ii) The range of values of x for which gx — x* is greater than J. (N.U.S.C.) 

13. With the same scales and axis, draw the graphs from x = — 2tox=+2of 
y = 2x® and 4^ = 6x + 9. 

.Use your graphs to find ; 

(ij The value of '6. 

(li) The values of x between which the expression 6x + q — 8x* is positive. 
(C.W.B.) 
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14, Draw the graph of zx — q) from x = — 1 to x = taking 1 in. to 

represent a unit on each axis. Use your graph to solve the equations 

(i) a;® — — a = 0 

(ii) 2 a;® — 7Ar — 3 =: o 

and explain your method clearly. 

15, Draw the graph of = 8 + 3^ — for values of x from — 2 to +4 taJcing 
I in, to represent one unit of x and J in, to represent one unit of y. 

Use your graph to determine : 

(i) The roots of the equation 3^: — a:* = — 3. 

(ii) The value of K for which the equation 8 + sac — = K has equal 

roots, (L.G.S.) H -r 3 4 


16. 


Taking i in, (or 2 cm, if you use centimetre paper") as unit on each axis, draw 
the graph of 

y=x^~^x+i 

for values of x from o to 5. 

Use the graph to find approximately the roots of the equation 

- 5^ + 2 = o (O.C.S.C.) 


17. Draw in the same diagram the graphs of y — x^ — 2X — and y = i{x — 3) 
from Af = — I to AT = 3, taking i in. for unit in both axes and plotting the values 
of y corresponding to half-unit intervals of x. 

Show that the ^;-co-ordinates of the intersections of the graphs are the roots of 
the equation 2X^ — 5^? — i = o, and from the graphs give the roots as accurately 
as possible. (N.U.S.G.) 


18. Draw the graph of 

y ==\{x + 2){zx — i) 

between the values a; = — 4 and ^ = 3, taking the side of one large square to 
represent one unit along each axis. 

Use your graph to find the roots of the equation 

(a; + 2)(2A! — 3) = aj (O.S.C.) 

19. Draw the graph of 

= (5* + 0(7 - 0 

between * = o and * = 7, taking the side of one large square to represent one 
unit along the axis of x and ten units along the axis of 

Use your graph to find : 

(i) The roots of the equation (5* + 0(7 ~ 0 = 45 - 

(ii) The range of values of x for which (5* + 0(7 - 0 « greater than 57. 
(O.S.O.) 


Booh Two 


a 
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50. Draw the graph of the function 

y = K*® ~ 3 * “■ 3 ) 

from x: = — 2 to = H- 4* 

Draw also the graph of = |(2 — x) and find from the graplis the roots of 
the ecLuations 

(i) ~ 3 = o 

(ii) (N.U.S.C.) 

21. Using I in. as unit for both x and y and the same axes, draw the gi'aphs from 
X = — 4toArs=+4 of j = \x^ and of 2X = 9 — 4^. 

Use one of the graphs to find the value of * 5- 

What quadratic equation has as its solutions the Ar-value of the intersections of 
your graphs. (C.W.B.) 


Ex. 1 1. 12 

Solve graphically the following ; 

6. + $x^ = x + s 

7. — 2x^ — 5x -f 6 = 0 

8. x^ + -f at = 6 

9 . x^ + 12 = 3 a :® + ijc 

10. — 2X^ — 9a; + 18 = o 


11, a:® 4- 3 = 3a;® + a? 

12, — 4a: — 12 = 0 

13, + r6 = x^ + iG.v 

14, A*® — 6a“ “h 5A + 12 == 0 

15, 2A® — A® — 7A “h 6 = 0 


Ex. 11.21 

Draw rectangles to represent the following quadratics for each of the five A-values 
shown. 


Q . y ={ x + 4)(a: + 5) 

10. _ji = (a: — 6)(« — 7) 

11. y= {x- i){x + i) 

12. y = {x — i){x + 2) 

13. = (* + 4)(* + 4) 

14. y = x{x — 3) 

15- y= {« — 6)(J< + a) 


*• = - 7 . ~ 6, - 5, ~ 4, - - 3 

* = 5> 6, 7, 8, 9 

a: = - 2, - I, 0, I, 2 

* = - 3. - a. 0. a, 3 

AC = - 6, - 5, - 4. - 3, - 2 

a; = — I, 0, I, 3, 5 

* = — 3. — a. + 2) + 6, -1- 8 


Ex. 11.22 


Factorize the following quadratics. Plot their graphs. Show that the roots correspond 
with the factors. Draw rectangles for the root-values of x and so show that the algebraic 
areas of these rectangles are all zero. 


11. = A® + A — 2 

12. = A® -|- 2A — 8 

13. 4- 8a -h 15 

14. ^ = A® 4" 2A *— 24 

15. Ji; = A® - 3A -- l8 


16. y = x^ — 16 

17. = A® 4 - 5 ^ -- 24 

18. ^ = A® -- 7A — 18 

ig. A® — 6 a 4' 8 
20. = A® 4- 2A ~ 15 
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IX 


£x. 11,26 

Make charts similar to Chart 72, adding the ordinates graphically, for the following; 
3. — 13^:2 lOAT + 400 7. +14^; + 360 


AT® — igx ^ + 40A; .+ 528 

,3 


4 

5. a:® — 7;c® — 14A: + 120 

6. a:® — i3Ar® + 26;^ + 112 


8. a:® - gx® — 36X + 324 

9. at® — 7x® - 53X + 315 
10, X® — 20X® + ii6x — 160 


Ex. 1 1. 31 

Find by means of a cubic and quadratic graph the real roots of the following 
equations : 

9. X® + X® + 6x — 24 = o 13. X® — 4x® 2x + 15 

10. X® + 8x® + 45 X + 90 = 0 14. X® — 2x® — X = 28 

11. X® — 6x® + 13X — 8 = 0 15* + 2x® + X + 12 = o 

12. X® + 32X — 33 = lox® 


Ex. 11.32 

9-15, Solve each of the equations of examples 9-15 in Ex. 11.31 by : 
reducing to the form X® + ^ = o; 

(i) finding where the straight-line graph y ^ — ^X — q cuts the cubic 
curve j; = X®. 

16. Draw the graph oiy = x(x® — 16) from x = — 4 to x == 4, taking the side of 
one large square to represent one unit along the axis of x and ten units along 
the axis of_y. 

Use your graph to find : 

(i) Two values of x, in the given range, which satisfy the equation 

X® — i6x —10 = 0 

(ii) The value of x for whicli^x(x® — 16) has the least value in the given 
range. (O.S.C.) 

17. Draw a graph of 

y = ^(50*^ - A?®) ^ 

between the values of x = 0 and x = 7, taking the side of one large square to 
represent one unit along the axis of x and ten units along the axis of 
Use your graph to find two values of x between o and 73 e^-ch of which satisfies 
the equation 

X® — 50X + 80 = 0 (O.S.C.) 

18. Draw the graph of 

j; = x(8 — x)® 

between the values x = o and x == 8, taking the side of one large square to 
represent one unit along the axis of x and ten units along the axis of^. 

Use your graph to find two values of x between o and 8, each of which satisfies 
the equation 

x(8-x)® = 6o (O.S.C.) 
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Ex. 11,41 

Solve, using the method shown in § 5, 

7. AT® — 3Af8 — AT + 3 = o 

8. + 6x^ + ^ 10 ^ Q 

9. + 59Ar = 45 
10, x^ + 6x^ — 13A; — 4a, 

'll. Af® + qa;® — 37Af =s= 165 


la, 8 a:® — I2a;® — 386.V + 195 s= 0 

13. 64V® + 4OA'® *— 244*: — 63 = 0 

14, Oa® + I2A® — 66x = 35 

rs. + 275^ — 750 = o 


Ex. 11.42 

Find one real root of each of tlie following equations : 


9. a:® + a: = 2 

10. A® — 4A? — 15 = 0 

11. A® — ioa; + 24 = 0 

12. A® + 4A H- 16 = 0 

13- — 36^ = 91 

14. A® + 3^*? ^40 ==^ o 


15 . Af® + 6 a: + 560 = 0 

16 , A® + + 5 = o 

17 , AC® + 4 a: + 240 = 0 

18. Af® — iSa? = — 35 

19, Af® — iia: = 20 

20 . Af® — 74 Af = 260 


Ex, 12. 1 1 

Draw histograms like Chart 79 for ; 
6 . «(H„ - 4) = 5 
1 ‘ «(H„ + 4) = 5 

8, «(H, + 5) = - 6 

9. 2«(H„ - 6) = 8 



12. 


13- 

14. 

15- 




(H„ 4 )(’^ 4) 


I 


Ex. 12.12 

With the same scale for x and y draw the graphs of the continuous function 
corresponding to those represented by the histograms of Ex. I2,n, i.e. to 

6 . x(y - 4) = 5 4 

7 - My + 4) = 5 ■ * - 4 

s. My + 5) = - s y ^ ^ 

9. ax(j» — 6) = 8 


13. -• = 

5 * — a 


=y + !i 

+ I 


10. j»> — 3 = 


II. y == — - — 

*-3 


X ~ g 

"h 4 


14. 

'S' 


y — 2 _ 1 

4 - 3 

(y - 4 )(^ - 4) = ' 
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XI 


Plot the following. _ Find the origin with reference to which the hyperbola is 
rectangular by inspection of the asymptotes and by algebraic substitution as above : 


5- = 


3« + 5 

a* + 3 


8. jv = 


tax + 15 
4* + 3 



4Jg-9 
3* + a 


9- J>’ = 


7^ + 4 
3^ + 5 


7- J = 


5* — 2 


10 . J = 


iia; + 8 

4^+1 


Ex. 12.23 

Plot each of the graphs in Ex. 12.12 on the same grid with four scales: 

(fl) I s.p.u, for = r = j ; 

(b) 1 s.p.u, for ;if = i, 3 s.p.u. for = i ; 

(c) i s.p.u. for = I, 3 s.p.u. for :if = i ; 

(rf) 3 s.p.u, for » =5= I = jj?. 


Ex. 12.31 

Draw diagrams like those of Chart 82 for rectangles of area : 

4. 4 sq. cm. 8. 12^ sq. cm. 

5. 49 sq. cm. 9. 30*25 sq. cm. 

6. 6J sq.cm. 10. 20-25 sq.cm. 

7. 64 sq. cm. 


Ex. 12.32 
Plot the following: 

3 — 2^ 


6. y = 

7. j> = 


3 — 

X — a 

I — 3* 


8 . = 


5—6^ 

X — a 




x -3 
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Ex. 12.4.1 

Use the method of the last two examples to test which of the following are harmonic 


3 . 3 JSr i- 

4» »9 Tl> Q 

X 1. X ^ 

27 43 83 lO 


8 1 12 _ 4 - 

• 83 'DS 2 73 HI 

n 1 iL 1 ^ 
83 03 03 To 


, 1 . 

3 33 113 


II. ¥,i 


i 

33 43 U3 a 
1 63 ^03 H9 U 


H- 3» 23, ag, 

15. li i j, S.-ro- 

T n II ii '1 
T'O) 113 133 fi 

17* 4 i, 3 ^, a^a 

18. 43 3-6, 33 2^ 

19. 8, 6, 5^ 

20. 7*2, 6, 57‘3 40*3 4 


Ex, I a. 42 

Find the harmonic mean of the following numbers : 

7. 8 and 12 12. — 10 and — 14 

8. 14 and 26 13. 3i and loj 

9. 7 and 23 I4« ^9 *" 4 


10. — 5 and 9 

11, — 9 and 15 


IS- Sl^^nd II J 


Ex. 12443 

Find a formula for the following harmonic series : 


A 1 a j. 

33 as Us U3 16 


7 * Aj fsfj iV 
8. 4^, 4. SH, 3^0- 

9- ii^) iiloj i^j ^ 
10. ifi, 4, li li if 


II. ij-, if, if, if 
la. 5. 3. a^, if, lA- 

13. li li li If. 2 

14. a I, 6, 3f, 2 -^, ilS- 
15* 3S-. 3A. 3. 2ii at 


Ex. ia.44 

Test the A formula by recourse to the harmonic series of Ex. 13.43. 


Ex. 13.11 

Write down the degree m and coefficients a, 4 , c ... of the following polynomials : 
II. j) = a:® + 4*® + ax + 5 16. ^ = x’ — I 

la. jii = 3x® H- 4x + 7 17. aj) = 4x‘ — 6x® — 5 

13. 2j> = 4x® + 6x® + 8x + 3 18. X +y = x® — 4X® 

14. 3 JI’ = 9 *® + 4 * + a 19. 2x® 4- 3j) == X 

15. 5 :)> = 5** + 10*® + 15* + 2 ao. 3x® — 4X® + I ~y — x 
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Ex. 13.42, Motion Problems 

11. A boy cycles to school every morning in 45 minutes. On one occasion he sets 
out 10 minutes later than usual and, cycling 3 miles per hour faster than usual^ 
reaches school at the normal time. VVTiat is his normal speed? (L.G.S.) 

12. A man walks for h hours at a speed of x m,p.h. He then rides for 5 miles at 
a speed of y m.p.h. Find (a) the total distance travelled, {b) the total time 
taken, and (c) the average speed for the whole journey, (L.G.S.) 

13. A train travels uniformly over 9 miles of track. If the speed were increased by 
9 m.p.h,, the time would be reduced by 3 minutes. What is the time for the 

9 miles at the original speed? (C.W.B,) 

14. A man has been accustomed to motor from his house to his office, a distance 
of 4 miles. Now he has to walk to a bus stop mile from his house and then 
board a bus which takes him to his office. Assuming that he boards the bus 

10 minutes after leaving his house, the whole journey takes 15 minutes longer 
than by car. If the average speed of the bus is 10 m.p.h, less than the average 
speed of the car, find the average speed of die bus. (N.U.S.O.) 

15. A train starts at the scheduled time over a journey of 90 miles, but arrives 
20 minutes late. Find its average speed, if this is less by 3 m.p.h. than it would 
have been if the train had run to time.' 

16. On a journey of 90 miles a train is 10 minutes late; if its average speed had 
been increased by 5 m.p.h. it would have been 5 minutes early. Find the actual 
average speed of the train on the journey and deduce the average speed when 
the train is running to time. (C.W.B.) 

17. The cruising speeds of two aeroplanes arc such that one is 60 m.p.h. more than 
the other. The slower plane takes lo seconds longer to fly a mile in calm air at 
cruising speed than the faster plane. Find the cruising speed of each plane and 
the time each takes to fly the mile. (L.G.S.) 

18. A car makes a journey of 144 miles, stopping for i hour by the way. Had it 
travelled at an average speed of 4 m.p.h. faster and stopped for ij hours, it 
would have taken the same time. What is its average spera? (The time taken 
over the stops is not included when calculating average speeds.) (N.U.S.C.) 

19. A train runs “non-stop” daily from X to Y, a distance of 140 miles. On a busy 
day more coaches are added, and its average speed is thus reduced by 10 m.p.h., 
so that it is 20 minutes late in reaching Y. Find its usual average speed and 
verify your answer by calculating the actual times of the two journeys. 
(N.U.S.C.) 

20. Two cars set out over the same run, the faster starting half an hour after the 
slower. The slower travels at a speed of 30 m.p.h., the faster at a speed of x m.p.h. 

Show that the faster catches up the slower in hours. 

X 3 ® 

Two cars A and B start together and travel along the same run at speeds of 
30 and 35 m.p.h. respectively. A faster car C starts half an hour after them, travels 
at a uniform speed, and passes B 25 minutes after it has passed A. Find the 
speed of C, (O.S.C.) 
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Ex. 13.43. Miscellaneous Prodlkms 

I. The members of a club hire a charabanc for a trip, the cost being a certain 
fixed sum however many go on the trip. Assuming that all the members can go, 
the cost works out at 5s. 6d. each. Three members, however, are unable to go, 
and the rest have to pay 6s. 3d. each. Find the sum paid for the use of the 
charabanc. (O.S.C.) 

3, A bookseller sold a cheap edition of a certam book at as, od. a copy, the ordinary 
edition at 3s. 6d, a copy, and an illustrated edition at 15s. od, a copy. He sold 
altogether 215 copies, receiving ;^46 os. 6d., and noted that of the copies sold 
the number of illustrated copies was one-third of the number of copies of the 
cheap edition. How many copies of each edition did he sell? (N.U.S.C.) 

3, A dealer spends 3^13 in buying two kinds of cloth, one at as. a yard, the other 
at 3s. 6d, a yard. By selling the cheaper at 2s, Gd. a yard and the dearer at 4s. 6d. 
a yard, he receives, in all, £ 1 ^ los. Find how many yards of the cheaper cloth 
he buys. (O.S.C.) 

4, Find the two numbers which are such that onc-quarlcr of their sum is 8 less 
than the larger one and one-third of their difference is 12 less than twice the 
smaller one. (O.O.S.G.) 

5, The average age of a class of lO boys is 15 years. The average age of these boys 
and their form master is 17 years. What is the age of the form master? (O.C.S.C,) 

6, The ratio of two numbers is 3/2. When each number is increased by the 
ratio becomes 23/16. Find the numbers. (C.W.B.) 

7, The difference of two numbers is 2, If each number is increased by 5, their 
product is increased by 105. What are the numbers? (C.W.B.) 

8, A motorist, travelling from one town to another, takes 5 hours for the journey. 
His average speed over the first 80 miles is one and a half times his average 
speed over the rest of the journey, and is greater Ijy 6 in.p.h. than his average 
speed over the whole journey. Find the distance between the two towns. ( 0 . 8 . 0 .) 

9, Find three consecutive odd numbers such that the sum of twice the smallest 
and three times the second exceeds four times the largest by 2i. (N.U.S.C.) 

10. A man made a will leaving £7>92o to be divided equally amongst lus surviving 
relatives. Four of the relatives died before the man himself, and each survivor 
received 3(^80 more than if all the relatives had lived. How many relatives 
actually benefited? 

If only two of the relatives had died instead of four, how much extra would each 
of the others have received instead of the ;{^8o? (L.G.S.) 

I I. A grocer bought a quantity of tea for ;^70o and a quantity of coffee for 3^1,120, 
the price of coffee being £2 per cwt. more than the price of the tea. The total 
weight of tea and coffee purchased being 6 tons, find the price per cwt. of the 
tea. (L.G.S.) 

12. The sum of 2 numbers is n|, and the result of subtracting the smaller from 
the larger is 3 more than the result of dividing the larger by the smaller. Find 
the two possible values of the smaller number. 
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ig. A number of cases contain, in all, 2,520 articles, each case containing the same 
number of articles. The articles are repacked so that now each case contains 
1 less^ article than before, and 2 more cases are needed. Find the number of 
cases in the original packing. 

14. The total cost of a number of pullets at a certain date was 18 5s. 6d, At a later 

date the price was reduced by 2s. od, each, 4 more than before were bought, 
and the total cost was then £20 gs. 6d. Find the original cost of each pullet. 
(N.U.S.C.) ^ ■ 

15, A man agrees to sell the Government 2,000 tons of sand at i8s. per ton. He 
has some in stock for which he has paid 15s, per ton, but it is not enough, so 
he has to buy more at 223. per ton. On the whole deal he makes 3^20, How 
many tons had he to buy? (N.U.S.C.) 


Ex. 13.45. Involving Arithmetical Progressions 

1. The sum of 10 terms of an arithmetic progression is 285 and the loth term 
is 60. Find the sum of 20 terms and the aoth term. (L.G.S.) 

2. If the last term of an arithmetic progression of 21 terms is 117 and the middle 
term is 63, find the first term. 

Find also the sum of all the terms following the tenth (C.W.B.) 

3. The sum of the first 10 terms of an arithmetical progression is equal to three- 
fifths of the sum of the next 10 terms. If the loth term is 78, find the 20th term. 
(O.S.G.) 

4. The sum of the first 3 terms of an arithmetic progression is 114 and the 12 th 
term is 8. Find the value of the smallest positive term of the series and the sum 
of the first 30 terms. (L.G.S.) 

5. The fifth term of an arithmetical progression is 14 and the twentieth term is — 31 . 
Find the value of the first negative term and the sum of all the positive terms. 
(C.W.B.) 

6. The first terms of two arithmetical progressions are equal, and the 7th term of 
the first progression is equal to the loth term of the second. Find the ratio of 
their common differences. If the sum of the first 8 terms of the second progression 
is 136, find the first term. (O.S.O.) 

7. The 'first term of an arithmetic progression is 3 and the sum of the first 10 terms 
is 60 less than the sum of the first 4 terms. Find the first 3 terms. (C.W.B.) 

8. Find the first term and common difference of an arithmetical progression in 
which the 30th term is twice the 8th term, and the sum of the first 8 terms 
is in. (O.S.O.) 

9. The fifth term of an arithmetic progression is g, and the sum of the first 15 terms 
is 360. Find the common difference and the first term. (L.G.S.) 

10, The first term of an arithmetical progression is 3) the sixth term is 6, and the 
last term is 18. Find the common dmercnce and the sum of all the terms. (O.S.C.) 
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11. The fet and la.sl terms of an arithmetical progi’cssion of n liirnis ai'c 4 and 45 
respectively. Write down an expression for the sum of these n teims. If this sum 
is 389}, find the value of « and the common difference. (C.W.B.) 

12, Find the sum of the numbers between 500 and 1,000 which arc multiples of g 
(O.W,B.) 


13, The sum of the first 3 terms of an arithmetic progression is 1 14 and the i2tli 
term is 8. Find the value of the smallest positive term of tlie series and the sum 
of the first 30 terms. (L.G.S.) 

14. The sum of the first n terms of an arithmetical progi'ession is py 


the first term, the common difference and the nth term. (L.G.S.) 
(Hint: give n different values.) 


15. The first and nth terms of an arithmetic prOgi'cssion are a and 1 . Prove that 
the sum of the fii’st n terms is -{a -f /). 

Find the sum of all the positive integers less than 1,000, which arc multiples of 7. 


16. If fl is the first term, I the last term, and S the sum of an arithmetic progression 


II 

of K terms, prove that iS - -(a -f 1 ). 


Find an expression for d, the common difference in terms of n, « and S. 
The sum of 21 terms of an arithmetic progression whose first term is 20 is 
Find the common difference. (L,G.S.) 
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